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1 Introduction

In order to describe practical applications mathematically, suitable models are developed and
applied. For example, many mechanical processes (such as, e.g., simple spring-mass systems)
are based on Newton’s law of motion: acceleration = applied force× mass. In many cases, these
models can be expressed by means of differential equations (e.g., ordinary differential equations,
partial differential equation, or integral equations). For instance, the positionx(t) at timet of a
point of massm satisfies the ordinary differential equation

F (t) = mẍ(t),

whereF (t) is the applied force at timet. The solution is easily obtained by twofold integration,

x(t) =

∫∫

t
ẍ(τ) dτ =

∫∫

t
F (τ) dτ.

More generally, the solution of a differential equation canhave different aspects (cf. also Fig-
ure 1.1):

• analytical solution: In some specific cases, it is possible to derive explicit solution for-
mulas for differential equations. In general, this is, however, very difficult or not possible
at all. For example, Lagrange showed that the (relatively simple) ordinary differential
equationẋ(t) = x(t)2 + t2 does not have a solution that can be expressed in terms of
elementary functions.

• properties of solutions:Even if an explicit solution is not available, it is often possible to
prove certain interesting properties about its behavior (including existence and uniqueness
of solutions, local and global smoothness, location and character of singularities, mono-
tonicity, preservation of physical properties, etc.). Such results are essential, for instance,
in the design and analysis of suitable numerical solution methods.

• numerical solution:The design and investigation of numerical schemes for differential
equations has become a major research area in science and related fields. Using math-
ematical tools, numerical methods can be tailored to specific problem classes and (also
due to increasing computer power) highly accurate results can be obtained. Numerical
schemes for differential equations which are often used (depending on the problem) in-
clude finite difference methods (FDM), finite volume methods(FVM), and finite element
methods (FEM). In addition, many more numerical solution techniques are available.

5



1 INTRODUCTION

Figure 1.1: Applications and partial differential equations.

In this chapter we will review some important notation and definitions, and consider a number
of examples of partial differential equations (PDE). Furthermore, we will introduce PDE in their
general form, and will give some criteria for their classification. In addition, the question of
well-posedness of a PDE problem will be addressed. Moreover, we shall briefly discuss the
so-called separation of variables approach, which is one ofthe many possibilities to obtain PDE
solutions.

1.1 Differential Operators

Let m ∈ N, andΩ ⊆ Rm an open set (calleddomain). The boundary ofΩ will be denoted
by ∂Ω; cf. Figure 1.2. Then, for1 ≤ i ≤ m and a (sufficiently) smooth function

u : Ω → R, x = (x1, x2, . . . xm) 7→ u(x),

we define
∂u

∂xi
u(x) = lim

h→0

u(x + hei) − u(x)

h

to be thepartial derivativeof u with respect to the co-ordinate directionxi at x (provided that
the two-sided limit exists). Here,ei is theith unit vector inRm, given by

[ei]j =

{
1 if i = j

0 if i 6= j.

The partial derivative of orderp (or pth partial derivative) ofu, wherep ∈ N with p ≥ 2, in the
xj-direction is then defined iteratively by

∂pu

∂x
p
j

=
∂

∂xj

(
∂p−1

∂x
p−1
j

)
.
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1.1 DIFFERENTIAL OPERATORS

Ω

n

Rm∂Ω

Figure 1.2: DomainΩ.

Furthermore, it is possible to consider partial derivatives in several co-ordinate directions. To
this end, letα = (i1, i2, . . . , im) ∈ Nm

0 := (N ∪ {0})m, be amulti-index; its order is given by
|α| = α1 + α2 + · · · + αm. Then, the partial derivative ofu corresponding toα is defined by

D
αu =

∂|α|u

∂xi1
1 · . . . · ∂xim

m

.

Furthermore, forp ∈ N0, we introduce the set

D
pu = {Dαu : |α| = p}.

The set of first order derivativesD1u is simply denoted byDu.

Example 1.1 Form = 3 andα = (2, 0, 3), the partial derivative corresponding toα is given
by

D
αu =

∂5u

∂x2
1∂x

3
3

.

Consider, for example,u(x1, x2, x3) = x1x2 + e2x1x4
3. Then,

D
αu =

∂2

∂x2
1

(
∂3

∂x3
3

(
x1x2 + e2x1x4

3

))
=

∂2

∂x2
1

(
24e2x1x3

)
= 96e2x1x3.

♦

We note that, for vector-valued functions,

u : Rm → Rn, (x1, . . . , xm) 7→ u(x) = (u1(x), . . . , un(x)), (1.2)

wherem,n ∈ N, the above definitions are to be understood component-wise.
For a function as in (1.2), we shall consider three importantdifferential operators that often

appear in the context of PDE. First, the so-calledgradientof u is defined as the following matrix:

gradu ≡ ∇u =




∂u1

∂x1

∂u1

∂x2
. . .

∂u1

∂xm

∂u2

∂x1

∂u2

∂x2
. . .

∂u2

∂xm
...

...
. . .

...
∂un

∂x1

∂un

∂x2
. . .

∂un

∂xm




.
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1 INTRODUCTION

This matrix is often referred to as theJacobian matrixof u. Forn = 1, the gradient is a row
vector,

∇u =

[
∂u

∂x1
,
∂u

∂x2
, . . . ,

∂u

∂xm

]
.

Moreover, theLaplacian(or Laplace operator) of u is given by

∆u =
m∑

i=1

∂2u

∂x2
i

.

Finally, form = n, thedivergenceof u is

divu ≡ ∇ · u =

m∑

i=1

∂ui

∂xi
.

Forn = 1, we note that there holds

div(∇u) =

m∑

i=1

∂
(

∂u
∂xi

)

∂xi
=

m∑

i=1

∂2u

∂x2
i

= ∆u. (1.3)

Furthermore, for a scalar functionu : Ω → R and a vector-valued functionv : Ω → Rm,
there holdsGreen’s formula,

∫

Ω
∇u(x) · v(x) dx =

∫

∂Ω
u(x)(v(x) · n(x)) dsx −

∫

Ω
u(x) divv(x) dx, (1.4)

wheren(x) is the unit normal outward vector on∂Ω atx; cf. Figure 1.2. Here, we assume thatΩ
has a Lipschitz boundary1, and thatu,v are sufficiently smooth, so that the above integrals are
well-defined. The identity (1.4) is an integration by parts formula in higher dimensions and
constitutes one of the key tools in the analysis of PDE.

1.2 Examples of PDEs

We will now briefly consider a (very incomplete) list of well-known PDEs.

a) Transport/Advection Equation:Consider a domainΩ ⊆ Rm (e.g., an ocean, lake, river,
pipe, etc.), and a functionu = u(x, t) depending onx ∈ Ω and timet ≥ 0 (e.g., a
concentration). Furthermore, letb = b(x, t) be a given velocity field (e.g., a current) and
f = f(x, t) be a source or sink function. Then, the transport/advectionequation is given
by

∂

∂t
u(x, t) = b(x, t) · ∇u(x, t) + f(x, t)

change in time= transported material+ external source/sink

1We say thatΩ has a Lipschitz boundary if∂Ω can be parametrized locally by a Lipschitz continuous function.
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1.2 EXAMPLES OF PDES

b) Heat equation:Consider a source/sinkf = f(x, t) and an unknown functionu = u(x, t)
(e.g., temperature) in a domainΩ. Then, the heat equation is

∂

∂t
u(x, t) = ∆u(x, t) + f(x, t).

c) Wave equation:Consider, for example, a membraneΩ and a external forcef = f(x, t).
Then, the displacementu = u(x, t) of the membrane under the effect of the forcef
satisfies the wave equation,

∂2

∂t2
u(x, t) = ∆u(x, t) + f(x, t).

Note that the heat equation and the wave differ just by one derivative of t. Nevertheless,
the solution behavior of the two PDEs is completely different. For example, we shall see
that the heat equation is dissipative (i.e. losing energy iff ≡ 0) while the wave equation
is energy preserving (iff ≡ 0).

d) Poisson equation:Suppose that we consider a heat process that has been going onfor a
very long time and has become stationary. Mathematically, this means that the solution
does not change in time, i.e.∂u

∂t ≡ 0. Recalling the heat equation (1.25), we thus obtain
Poisson’s equation,

−∆u(x) = f(x). (1.5)

e) First-order conservation laws:These are PDEs for an unknown functionu = u(x, t) of
the form

∂u

∂t
+ divxF (u) = 0,

whereF is a given vector-valued (typically nonlinear) function.

f) Examples of systems of PDEs:

i) Linearized elasticity:

−µ∆u − (µ+ λ)∇(divu) = f

u = (vector-valued) displacement function
f = external force
µ, λ = material coefficients.

ii) (Incompressible) Navier-Stokes equations:

ut − ∆u + u · ∇u + ∇p = f

divu = 0.

u = flow field,
p = pressure function.

9



1 INTRODUCTION

1.3 Function Spaces

In order to classify functions according to their smoothness, we introduce a number of classical
function spaces. Again, letΩ be an open set inRm. For simplicity, we restrict ourselves to scalar
functionsu : Ω → R; the definitions for vector-valued functions are analogous.

1.3.1 Classical Spaces

By C0(Ω) we denote the space of all continuous functions onΩ. Furthermore, fork ∈ N,

Ck(Ω) = {u : Ω → R : D
αu exists and is continuous for allα ∈ Nm

0 with 0 ≤ |α| ≤ k}

signifies the space of allk-times continuously differentiable functions onΩ. Moreover, consider

Ck(Ω) =
{
u : Ck(Ω) :Dαu is uniformly continuous on bounded subsets ofΩ

for all α ∈ Nm
0 with 0 ≤ |α| ≤ k

}
,

i.e., functions inCk(Ω) extend continuously to the boundary ofΩ (wherever it exists). In addi-
tion, for k ∈ N0, we introduce the following norm onCk(Ω):

‖u‖Ck(Ω) =
k∑

i=0

∑

α∈Nm
0

|α|=i

sup
x∈Ω

|Dαu(x)|.

Moreover, we letC∞(Ω) be the space of functions for which all partial derivatives of any order
exist and are continuous:

C∞(Ω) = {u : Ω → R : u ∈ Ck(Ω) for all k ∈ N0}.

In many situations, it is interesting to consider functionswith compact support. More precisely,
for any of the function spaces above, we let

Ck
c (Ω) = {u ∈ Ck(Ω) : there exists a compact setM ⊂ Ω such thatu = 0 onΩ \M}.

Furthermore, for a bounded domainΩ, let us denote the subspace of all functions inCk(Ω) that
are zero along the boundary∂Ω byCk

0 (Ω).

1.3.2 Lp-Spaces

In addition to the above classical spaces, we consider an further class of function spaces which
appear often int he context of PDEs. Let us define, for1 ≤ p <∞, the so-calledLp-norm onΩ

‖u‖p,Ω =

(∫

Ω
|u(x)|p dx

)1/p

.

Then, the correspondingLp-spaces are defined by

Lp(Ω) = {v : ‖v‖p,Ω <∞}. (1.6)
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1.3 FUNCTION SPACES

We remark that the precise definition of theLp-norms and spaces is based on Lebesgue integra-
tion. In this way, highly nonsmooth functions are integrable and may thereby be elements of the
Lp-spaces. For instance, the function

χ : (0, 1) → {0, 1}, χ(x) =

{
0 if x ∈ Q

1 otherwise
,

is not classically integrable (in the sense of Riemann integration), however, the Lebesgue integral

∫ 1

0
|χ(x)|p dx = 1

exists, and hence,χ ∈ Lp((0, 1)) for all 1 ≤ p <∞.
We point out the following important properties.

Proposition 1.7 Consider an open bounded domainΩ. Moreover, letp ∈ [1,∞). Then,‖·‖p,Ω

is indeed a norm. In particular, there holds Minkowski’s inequality (or triangle inequality),

‖u+ v‖p,Ω ≤ ‖u‖p,Ω + ‖v‖p,Ω

for all u, v ∈ Lp(Ω). Moreover, considerq ∈ [1,∞) with

1

p
+

1

q
= 1.

Then, Ḧolder’s inequality,

∫

Ω
|u(x)v(x)|dx ≤ ‖u‖p,Ω ‖v‖q,Ω , (1.8)

is satisfied for any functionsu ∈ Lp(Ω) and v ∈ Lq(Ω). In particular, for u ∈ Lp(Ω), v ∈

L
p

p−1 (Ω), we finduv ∈ L1(Ω).

Defining the integral product of two functions by

(u, v)Ω =

∫

Ω
uv dx, (1.9)

there holds(u, u) = ‖u‖2
2,Ω for anyu ∈ L2(Ω). Furthermore, applying (1.8) withp = q = 2,

we obtain
|(u, v)| ≤ ‖u‖2,Ω ‖v‖2,Ω ∀u, v ∈ L2(Ω).

Thus, Hölders inequality forp = q = 2 can also be interpreted as a Cauchy-Schwarz inequality
for the product (1.9).

Moreover, functions inLp can be approximated by smooth functions (in the corresponding
norm); see also Exercise 1.4.
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1 INTRODUCTION

Proposition 1.10 The spaceC∞
0 (Ω) is dense inLp(Ω) for anyp ∈ [1,∞), i.e., for anyε > 0

andψ ∈ Lp(Ω), there existsϕ ∈ C∞
0 (Ω) such that

‖ψ − ϕ‖p,Ω < ε.

An interesting consequence of the above result is, for example, the following:

Corollary 1.11 Consider a functionf ∈ L2(Ω) which fulfills

∫

Ω
fϕdx = 0 ∀ϕ ∈ C∞

0 (Ω). (1.12)

Then, there holdsf ≡ 0.

Proof: Recalling Proposition 1.10, we can find̃f ∈ C∞
0 (Ω) such that

∥∥∥f − f̃
∥∥∥

2,Ω
< ε for

anyε > 0. Hence, ∫

Ω
f2 dx =

∫

Ω
f f̃ dx +

∫

Ω
f(f − f̃) dx.

Furthermore, using (1.12), it follows that

∫

Ω
f2 dx =

∫

Ω
f(f − f̃) dx.

Hence, with Hölder’s inequality, we have

‖f‖2
2,Ω =

∫

Ω
f2 dx ≤ ‖f‖2,Ω

∥∥∥f − f̃
∥∥∥

2,Ω
,

and therefore,

‖f‖2,Ω ≤
∥∥∥f − f̃

∥∥∥
2,Ω

< ε
ε→0
−→ 0.

Thus,‖f‖2,Ω = 0. This implies thatf ≡ 0. �

For functions which are zero along (at least parts of) the boundary∂Ω of Ω, there holds the
following result:

Proposition 1.13 Consider an open bounded domainΩ ⊂ Rm with a Lipschitz boundary2, and
a functionu ∈ C1(Ω). Moreover, assume that there exists a subsetΓ ⊆ ∂Ω of the boundary ofΩ,
with

∫
Γ ds > 0, such thatu = 0 onΓ. Then, there holds thePoincaré-Friedrichsinequality

‖u‖2,Ω ≤ CΩ,Γ ‖|∇u|‖2,Ω , (1.14)

whereCΩ,Γ > 0 is a constant that depends only onΩ andΓ; in particular, CΩ,Γ is independent
of u.

2The boundary of a domain is called Lipschitz, if it can be parametrized by a Lipschitz continuous function.
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1.3 FUNCTION SPACES

The above result is a special case of the first Poincaré-Friedrichs inequality. In fact, it holds
for all p ∈ [1,∞) and is not limited top = 2. Furthermore, it is applicable to more general
classes of functions. We note, however, that it does not holdfor functions which are nonzero on
all of the boundary ofΩ; the constant functionu ≡ 1 illustrates this, for example. The second
Poincaré-Friedrichs inequality refers to functions withzero-average onΩ. More precisely, for a
functionu ∈ C1(Ω) with

∫
Ω udx = 0, the bound (1.14) holds also true (with a different constant

CΩ); cf. Exercise 1.5.
Proof: [Proposition 1.13] We shall only prove the above result for the one-dimensional case,

i.e.Ω = (a, b), a < b, is an open interval inR.
Without loss of generality, we assume thatu(a) = 0 and thatu 6≡ 0. Furthermore, let

τ ∈ [a, b] be chosen such that|u(τ)| = sup
x∈[a,b] |u(x)|. Then, there holds

u(τ)2 =

∫ τ

a

d

dx

(
u(x)2

)
dx = 2

∫ τ

a
u(x)u′(x) dx. (1.15)

Moreover, we note that, for any real numbersA,B, andδ > 0, there holds the inequality

|AB| ≤
δ

2
A2 +

1

2δ
B2; (1.16)

cf. Exercise 1.3. Hence, selectingA = u(x), B = u′(x), andδ = 1
2(τ−a) in (1.16), (1.15)

becomes

u(τ)2 ≤
1

2(τ − a)

∫ τ

a
u(x)2 dx+ 2(τ − a)

∫ τ

a
u′(x)2 dx

≤
1

2(τ − a)

∫ τ

a
u(τ)2 dx+ 2(b− a)

∫ τ

a
u′(x)2 dx

≤
1

2
u(τ)2 + 2(b− a)

∫ b

a
u′(x)2 dx.

Subtracting1
2u(τ)

2 on either side of the above inequality, and multiplying by 2,results in

u(τ)2 ≤ 4(b− a)

∫ b

a
u′(x)2 dx = 4(b− a)

∥∥u′
∥∥2

2,[a,b]
.

Therefore, there holds

‖u‖2
2,[a,b] =

∫ b

a
u(x)2 dx ≤ (b− a)u(τ)2 ≤ 4(b− a)2

∥∥u′
∥∥2

2,[a,b]
.

This completes the proof. �

An interesting question is whether the Poincaré-Friedrichs inequality in Proposition 1.13
holds also in the reverse direction. More precisely, is there a constant̃CΩ > 0 such that

‖u′‖2,Ω

?
≤ C̃Ω‖u‖2,Ω (1.17)
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1 INTRODUCTION

for all u ∈ C1(Ω)? It can be seen quite easily that this is only true on finite-dimensional spaces
(note thatC1(Ω) is infinitely-dimensional); cf. Exercise 1.6. For example,it can be proved that
there exists a constantcΩ > 0 such that

‖q′‖2,Ω ≤ C̃Ωr
2‖q‖2,Ω ∀q ∈ Pr(Ω), (1.18)

wherePr(Ω) =
{
q(x) =

∑r
i=0 aix

i : ai ∈ R, i = 0, 1, . . . , r
}

is the space of all polynomials
of maximal degreep on a bounded open intervalΩ ⊂ R. Results of this form are important, for
example, in the analysis of high-order finite element methods for the numerical solution of PDE.

1.4 PDE in General Form and Classification

A partial differential equation (PDE) is an equation that isexpressed in terms of an unknown
function (of two or more variables) and some of its partial derivatives. The following definition
introduces PDE in a very general form. More specific types of PDE will be discussed later on in
this section.

Definition 1.19 LetΩ ⊆ Rm be an open domain, andp ∈ N. Then, a (scalar)partial differential
equation (PDE) of orderp onΩ, in general form, is given by

F(u,x) = 0, (1.20)

whereu : Ω → R is theunknown, and

F(u,x) = Φ(Dpu,Dp−1u, . . . ,D2u,Du, u,x). (1.21)

Here,Φ is a (possibly nonlinear) function that depends onu and (at least some) of its partial
derivatives up to and including orderp, and the variablex. Similarly, systems of PDEs are
defined in terms of vector-valued quantitiesF andΦ.

The above definition is very general. In many cases, however,PDE have a quite specific form.
This is important in practice, since the type of a PDE often provides some important information
on its solution behavior.

Definition 1.22 A partial differential equation(1.20)is

• fully nonlinearif (at least some of) the highest order (partial) derivatives ofu (i.e. deriva-
tives of orderp) occur in a nonlinear form in the functionΦ from (1.21);

• quasilinearif the highest order derivatives ofu occur only linearly (with coefficients that
may depend on lower order derivatives ofu and onx) in Φ from (1.21), i.e. the PDE is of
the form

∑

α∈Nm
0

|α|=p

aα(Dp−1u, . . . ,D2u,Du, u,x)Dαu+ Φ̃(Dp−1u, . . . ,D2u,Du, u,x) = 0;

14



1.4 PDE IN GENERAL FORM AND CLASSIFICATION

• semilinearif the highest order derivatives ofu occur only linearly (with coefficients that
only depend onx) in Φ from (1.21), i.e. the PDE is of the form

∑

α∈N
m
0

|α|=p

aα(x)Dαu+ Φ̂(Dp−1u, . . . ,D2u,Du, u,x) = 0;

• linear if Φ in (1.21)depends linearly on all but the last (i.e.x) of its arguments, i.e. the
PDE is of the form ∑

α∈Nm
0

|α|≤p

aα(x)Dαu = f(x).

Here,Φ̃, Φ̂ andf are suitable functions.

Example 1.23 Consider a domainΩ ⊆ Rm.

1. The level set type equation
|∇u(x)| = f(x),

where| · | is the usual Euclidean norm, for an unknown functionu : Ω → R and a given
functionf : Ω → R is an example of a first-order fully nonlinear equation.

2. Letd : R+ × Ω → R, c : R × Ω → R andf : Ω → R be sufficiently smooth functions.
Then, the PDE given by

− div (d(|∇u|,x)∇u) + c(u,x) = f, (1.24)

describes, for example, a diffusion-reaction type processof an unknown density or con-
centrationu : Ω → R; here,d andc are the diffusion and reaction coefficients, respec-
tively, andf is an external source.

If d depends on|∇u| then (1.24) is a quasilinear second order PDE. Ford independent
of |∇u|, i.e. d = d(x), (1.24) is semilinear (provided thatc is nonlinear inu). If, in
addition,c is linear with respect tou, then the PDE is linear. In particular, ifd(x) ≡ 1 and
c ≡ 0, then (1.24) is the Poisson equation (1.5).

3. Time-dependent problems can be cast into the form (1.20) by identifying the time vari-
ablet by an addition variablexm+1. For example, the linear heat equation

∂u

∂t
− ∆u = f, (1.25)

or the linear wave equation
∂2u

∂t2
− ∆u = f, (1.26)

are second order linear PDE for an unknown functionu = u(x, t) : ΩT → R, on the
spatial domainΩ and the time interval(0, T ), T > 0. Here,ΩT = Ω × (0, T ).
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1 INTRODUCTION

4. Definition 1.19 can be extended naturally to systems of PDEand vector-valued functions.
As an example, we consider the Stokes equations for linear incompressible fluid flow,

−∆u + ∇p = f

div u = 0.

This is a second order linear system of two PDE for two unknownfunctionsu : Ω → Rn

(flow vector field) andp : Ω → R (pressure).

♦

We shall now discuss some further classification for linear partial differential equations. For
simplicity, we focus only on scalar second order PDE. They can be written as

−

m∑

i,j=1

aij(x)
∂2

∂xi∂xj
u(x) +

m∑

i=1

bi(x)
∂

∂xi
u(x) + c(x)u(x) = f(x), (1.27)

where{aij(x)}i,j , {bi(x)}i andc(x) are coefficients, andf : Ω → R is a given function. In
order to classify this PDE, we define the so-calledprinciple partof (1.27) by

P(u)(x) = −

m∑

i,j=1

aij(x)
∂2

∂xi∂xj
u(x).

Then, for a given pointx0 ∈ Ω, we introduce the following quadratic form onRm:

Qx0 : Rm → R, Qx0(ξ1, ξ2, . . . , ξm) = −

m∑

i,j=1

aij(x0)ξiξj .

Writing this in matrix-vector form, we obtain

Qx0(ξ1, ξ2, . . . , ξm) = −ξ⊤A(x0)ξ,

where
ξ = [ξ1, ξ2, . . . , ξm]⊤,

and

A(x0) =




a11(x0) a12(x0) · · · a1m(x0)
a21(x0) a22(x0) · · · a2m(x0)

...
...

. . .
...

am1(x0) am2(x0) · · · amm(x0)


 . (1.28)

Note that, for sufficiently smoothu, there holds

∂2u

∂xi∂xj
=

∂2u

∂xj∂xi
, 1 ≤ i, j ≤ m.

Thus, we will always suppose that the matrixA(x0) is symmetric. Consequently, its eigenvalues
are real. The type of the PDE (1.27) will now be defined in dependence on these eigenvalues.
More precisely, we have the following definition.

16



1.4 PDE IN GENERAL FORM AND CLASSIFICATION

Definition 1.29 If A(x0) in (1.28)is

• strictly definite, i.e. all of its eigenvalues have the same sign and are nonzero, then(1.27)
is calledelliptic at x0;

• singular such that there exists one zero eigenvalue and all the other eigenvalues have the
same sign, and

rank
[
A(x0), [b1(x0), . . . , bm(x0)]

⊤
]

= m,

then(1.27)is calledparabolicat x0;

• indefinite such that all but one of its eigenvalues have the same sign and one has the
opposite sign (and are nonzero), then(1.27)is calledhyperbolicat x0.

Let us illustrate the above definition in the following examples.

Example 1.30

1. For the Poisson equation (1.5), the matrixA in (1.28) is, for any pointx0, the identity
matrix in Rm×m. This implies that all eigenvalues are 1, and hence, (1.5) iselliptic.

2. The heat equation (1.25) is an example of a parabolic equation. In fact, identifyingt with
an additionalx-variable,xm+1 = t, we see that

A =




1
1

. . .
1

0



∈ R(m+1)×(m+1),

for anyx0, andA has one zero eigenvalue. Moreover,b = [0, . . . , 0,−1]⊤. This implies
thatrank[A, b] = m+ 1.

3. For the wave equation (1.26), we proceed in a similar way asfor heat equation, and obtain

A =




1
1

. . .
1

−1



∈ R(m+1)×(m+1).

Wee see that this PDE is hyperbolic.

♦
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1 INTRODUCTION

1.5 Well-Posedness

Partial differential equations typically appear in combination with additional conditions. Most
often they are necessary in order to guarantee, for example,the uniqueness of a solution of the
corresponding problem. For instance, the equation

−∆u(x) + u(x) = 1, (1.31)

on the unit squareΩ = [0, 1]2 ⊂ R2, does not have a unique solution. Indeed,

u(x1, x2) = 1 + αe
1√
2
(x1+x2)

solves the problem for any constantα ∈ R. By prescribing, however, the solution of the problem
on the boundary∂Ω, the problem becomes uniquely solvable. For example, imposing

u(x) = 1 on∂Ω, (1.32)

leads to a unique solution of (1.31), given byu(x) = 1. Conditions of the form (1.32) are called
Dirichlet boundary conditions. Alternatively, a so-calledNeumann boundary conditioncould be
given,

∇u(x) · n(x) = 0 on∂Ω,

wheren is the unit outward vector on∂Ω. Again, this implies a unique solutionu(x) = 1 (we
emphasize, however, that posing Neumann conditions does not always lead to unique solutions).

For time-dependent problems, the uniqueness of the solution requires, in addition to the
boundary conditions (BC), one or more so-calledinitial conditions (IC). Such conditions pre-
scribe, for example, the solution of the PDE (or some of its partial derivatives) at a certain
initial time t0. For example, for the heat equation, in addition to a boundary condition, an initial
condition of the form

u(x, t = t0) = g(x) ∀x ∈ Ω,

whereg is a given function, could be given. For the wave equation, which is a second-order
problem with respect to time, a second initial condition (e.g., on the initial velocity∂u

∂t ) is nec-
essary to ensure unique solutions.

The boundary and initial conditions, as well as further given information (such as for example
the given functionf in (1.27)) are generally refereed to asdata. The data is typically chosen
from a suitable data spaceXdata, and the solution of the corresponding PDE is sought for in an
appropriate solution spaceXsolution, cf. Figure 1.3. We suppose thatXdataandXdata are normed
spaces, i.e., equipped with some suitable norms‖ · ‖Xdata

and‖ · ‖Xsolution
, respectively.

Definition 1.33 A PDE problem in the spacesXdata,Xsolution is well-posedif all of the follow-
ing three conditions are satisfied:

1. for each dataF ∈ Xdata, there exists a solutionu ∈ Xsolution in the given solution
spaceXsolution;

2. the solutionu ∈ Xsolution is unique;

18



1.5 WELL-POSEDNESS

Xdata Xsolution

PDE

(+ BC/IC)

solution
Figure 1.3: Solution process of PDEs: from data space to solution space.

3. the solutionu ∈ Xsolution depends continuously on the data, i.e., for any given dataF ∈
Xdata, the corresponding unique solution satisfies thestability bound

‖u‖solution ≤ C ‖F‖data , (1.34)

whereC > 0 is a constant independent of the dataF .

The following example is to illustrate this definition:

Example 1.35 Let Ω ⊂ Rm be bounded and open. We assume that the boundary∂Ω of Ω is
split into two disjoint partsΓD andΓN : ∂Ω = ΓD ∪ ΓN . Consider Poisson’s equation

−∆u = f in Ω, (1.36)

with (homogeneous) Dirichlet boundary conditions,

u = 0 onΓD, (1.37)

and (homogeneous) Neumann boundary conditions,

∇u · n = 0 onΓN .

Here,f : Ω → R is a given function (data), andn is the unit outward vector to∂Ω. We suppose
that the boundary ofΩ is smooth and

∫
ΓD

ds > 0, and thatf belongs to the space

Xdata = C0(Ω).

Under these assumptions, the above problem has a unique solution in the space

Xsolution = {u ∈ C2(Ω) : u = 0 onΓD};

this will be proved later. Here, we will focus on the stability estimate (1.34).
We equip the above spaces with the norms

‖f‖2,Ω =

(∫

Ω
f(x)2 dx

)1
2

,

and

|||u||| =

(∫

Ω
|∇u(x)|2 dx

)1
2

, (1.38)
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respectively; cf. Exercise 1.7. By definition, there holds

|||u|||2 =

∫

Ω
∇u · ∇udx.

Integration by parts (Green’s formula (1.4)), yields

|||u|||2 =

∫

∂Ω
u(∇u ·n) ds−

∫

Ω
u∆udx =

∫

ΓD

u(∇u ·n) ds+

∫

ΓN

u(∇u ·n) ds−

∫

Ω
u∆udx.

Noticing thatu = 0 onΓD and∇u · n = 0 onΓN , and that−∆u = f , we obtain

|||u|||2 =

∫

Ω
fudx.

Applying Hölder’s inequality (1.8) withp = q = 2, results in

|||u|||2 ≤

∫

Ω
|fu|dx ≤ ‖f‖2,Ω ‖u‖2,Ω .

Furthermore, the Poincaré inequality (1.14) implies that

|||u|||2 ≤ CΩ ‖f‖2,Ω |||u|||.

Dividing both sides of the above inequality by|||u|||, leads to

|||u||| ≤ CΩ ‖f‖2,Ω . (1.39)

This yields (1.34), and hence, the problem is well-posed in the corresponding spaces and norms.
In particular, the solution is bounded by the correspondingdata. ♦

1.6 Separation of Variables and Fourier Series

For the solution of PDE, many different approaches exist (power series, transformation tech-
niques, integral representations, numerical methods, etc.). In this section, we shall focus on the
so-calledseparation of variablesmethod, which constitutes a very popular and relatively easily
accessible way to solve (certain) PDEs problems. The basic idea is to assume that the unknown
solution

u : Rm ⊇ Ω → R, x = (x1, x2, . . . , xm) 7→ u(x)

of a PDE can be split intom (additive or multiplicative) partsUi : Ω → R, 1 ≤ i ≤ m, such
that each of them depends on only one of the variables, i.e.

u(x) = U1(x1) + U2(x2) + . . .+ Um(xm), (1.40)

or
u(x) = U1(x1)U2(x2) . . . Um(xm). (1.41)
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1.6 SEPARATION OF VARIABLES AND FOURIER SERIES

Example 1.42 Let us consider the heat equation in 1-D. We are looking for a functionu =
u(x, t) : Ω × (0,∞) → R such that there holds

ut − uxx = 0 in Ω = (0, 1), (1.43)

with boundary conditions
u(0, t) = u(1, t) = 0 ∀t > 0, (1.44)

and initial condition
u(x, 0) = sin(πx) ∀x ∈ Ω = (0, 1). (1.45)

Here,(·)t and(·)xx are used to mean∂∂t and ∂2

∂x2 , respectively. In order to solve this problem,
we shall apply a separation of variables approach of the form(1.41), i.e.

u(x, t) = w(x)ϕ(t), (1.46)

where the functionsw andϕ are to be found. Inserting (1.46) into (1.43), results in

w(x)ϕ̇(t) − w′′(x)ϕ(t) = 0,

where(·)′ and ˙(·) denote the partial derivatives with respect tox andt, respectively. Hence, we
obtain

ϕ̇(t)

ϕ(t)
=
w′′(x)

w(x)
.

Note that the left-hand side of the above equation depends only on t while the right-hand side
depends only onx. Therefore, both sides must be constant, i.e. there existsµ ∈ R such that

ϕ̇(t)

ϕ(t)
=
w′′(x)

w(x)
= µ ∀(x, t) ∈ (0, 1) × (0,∞).

From this, it follows that
ϕ(t) = Ceµt, (1.47)

and that
w(x) = D1e

λx +D2e
−λx,

for some suitable constantsC ∈ R, andD1,D2, λ ∈ C, with λ2 = µ. Furthermore, the
boundary conditions (1.44) foru imply that

w(0) = w(1) = 0,

i.e.w fulfills the same boundary conditions likeu(x, t). Thus,

w(x) = D sin(kπx), (1.48)

for some constantsD ∈ R andk ∈ N, i.e.D1 = −D2, λ = ikπ, andµ = −k2π2. Combin-
ing (1.47)–(1.48), we obtain

u(x, t) = C̃e−k2π2t sin(kπx),
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for some constant̃C ∈ R. Recalling the initial condition (1.45), we have

u(x, 0) = C̃ sin(kπx) = sin(πx),

and thereforẽC = 1 andk = 1. Thus,

u(x, t) = e−π2t sin(πx)

solves the problem (1.43)–(1.45). ♦

In many situations, a simple approach as in (1.41), for example, does not work, particularly
if the solution of a problem does not have a corresponding form. The idea can, however, be
generalized quite easily. In fact, instead of writing the solution u(x) in (1.41) as a simple
product, we represent it as a sum of products of the form (1.41):

u(x) =
∑

k

Uk,1(x1)Uk,2(x2) . . . Uk,m(xm), (1.49)

where the functions{Uk,l}k,1≤l≤m are to be found. Often (but not always) in practice, some or
all of theUk,l are written in terms of trigonometric functions, i.e. the sum (1.49) is a Fourier
type series (or similar). We will illustrate this in the following example.

Example 1.50 We consider again the heat equation (1.43) onΩ = (0, 1). Here, however, the
boundary conditions are given by

u(0, t) = ux(1, t) = 0 ∀t > 0, (1.51)

and the initial condition is prescribed by

u(x, 0) = x(x− 1)2. (1.52)

We write the solution as

u(x, t) =
∞∑

k=0

ck(t) sin

(
(2k + 1)π

2
x

)
. (1.53)

Although an alternative representation formula might leadto the solution of the problem, we note
that the above choice is particularly advantageous. The reason for this is that, foru as in (1.53),
both of the boundary conditions in (1.51) are satisfied for any coefficients{ck(t)}k∈N0 , t > 0.
Inserting (1.53) into the PDE (1.43), gives

∞∑

k=0

(
ċk(t) +

(2k + 1)2π2

4
ck(t)

)
sin

(
(2k + 1)π

2
x

)
= 0.

Since this equation holds for anyx ∈ (0, 1), it follows that

ċk(t) +
(2k + 1)2π2

4
ck(t) = 0
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1.6 SEPARATION OF VARIABLES AND FOURIER SERIES

for anyk ∈ N0. Hence,

ck(t) = Cke
−

(2k+1)2π2

4
t,

for suitable constants{Ck}k∈N0, and therefore,

u(x, t) =
∞∑

k=0

Cke
−

(2k+1)2π2

4
t sin

(
(2k + 1)π

2
x

)
. (1.54)

In order to find the coefficientsCk, we expand the initial condition (1.52) into a series of the
same form as in (1.53) (this is possible since the initial condition iscompatiblewith the boundary
conditions), i.e.

x(x− 1)2 =
∞∑

k=0

Dk sin

(
(2k + 1)π

2
x

)
, (1.55)

for some constants{Dk}k∈N0 . Then, combining (1.54) and (1.55), leads to

∞∑

k=0

Ck sin

(
(2k + 1)π

2
x

)
= u(x, 0) = x(x− 1)2 =

∞∑

k=0

Dk sin

(
(2k + 1)π

2
x

)

for anyx ∈ (0, 1), and thus,
Ck = Dk ∀k ∈ N0. (1.56)

The coefficientsDk in (1.55) are calculated by multiplying (1.55) bysin
(

(2l+1)π
2 x

)
and inte-

grating from 0 to 1. Formally, this yields

∫ 1

0
x(x− 1)2 sin

(
(2l + 1)π

2
x

)
dx =

∞∑

k=0

Dk

∫ 1

0
sin

(
(2k + 1)π

2
x

)
sin

(
(2l + 1)π

2
x

)
dx.

Then, using that

∫ 1

0
sin

(
(2k + 1)π

2
x

)
sin

(
(2l + 1)π

2
x

)
dx =

{
1
2 if k = l

0 if k 6= l
,

implies that ∫ 1

0
x(x− 1)2 sin

(
(2k + 1)π

2
x

)
dx =

1

2
Dk,

and therefore, we obtain

Dk = 2

∫ 1

0
x(x− 1)2 sin

(
(2k + 1)π

2
x

)
dx =

32
(
4kπ + 2π − 6(−1)k

)

π4(16k4 + 32k3 + 24k2 + 8k + 1)
.

Hence, referring to (1.54) and (1.56), we see that

u(x, t) =

∞∑

k=0

32
(
4kπ + 2π − 6(−1)k

)

π4(16k4 + 32k3 + 24k2 + 8k + 1)
e−

(2k+1)2π2

4
t sin

(
(2k + 1)π

2
x

)
. (1.57)
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In practice, the above sum could be evaluated by truncation,for example. More precisely,
for k0 ∈ N, consider the approximate sum

Sk0(x, t) =

k0∑

k=0

32
(
4kπ + 2π − 6(−1)k

)

π4(16k4 + 32k3 + 24k2 + 8k + 1)
e−

(2k+1)2π2

4
t sin

(
(2k + 1)π

2
x

)
.

In applications, it is often desirable to guarantee that an approximation is sufficiently accurate.
More precisely, given a certain toleranceτ > 0, we would like to findk0 ∈ N such that

|u(x, t) − Sk0(x, t)| ≤ τ, (1.58)

for any(x, t) ∈ (0, 1) × (0,∞). In order to estimate the above error, we shall use that
∣∣∣∣sin

(
(2k + 1)π

2
x

)∣∣∣∣ ≤ 1 ∀x ∈ (0, 1),

and that ∣∣∣∣e
−

(2k+1)2π2

4
t

∣∣∣∣ ≤ e−
(2k0+1)2π2

4
t ∀t ≥ 0,∀k ≥ k0.

Furthermore, we notice that, fork ≥ 1,
∣∣∣∣∣

32
(
4kπ + 2π − 6(−1)k

)

π4(16k4 + 32k3 + 24k2 + 8k + 1)

∣∣∣∣∣ ≤
32 (4kπ + 2π + 6)

π4(16k4 + 32k3 + 24k2 + 8k + 1)

≤
32 (4kπ + 8π)

π4(16k4 + 32k3)
≤

8π (k + 2)

π4(k4 + 2k3)
=

8

π3k3
.

Therefore, we have

|u(x, t) − Sk0(x, t)|

≤

∞∑

k=k0+1

∣∣∣∣∣
32
(
4kπ + 2π − 6(−1)k

)

π4(16k4 + 32k3 + 24k2 + 8k + 1)

∣∣∣∣∣

∣∣∣∣e
− (2k+1)2π2

4
t

∣∣∣∣
∣∣∣∣sin

(
(2k + 1)π

2
x

)∣∣∣∣

≤
8

π3
e−

(2k0+1)2π2

4
t

∞∑

k=k0+1

1

k3
.

Using that
∑∞

k=1
1
k3 ≤ 1.3, results in

∞∑

k=k0+1

1

k3
=

∞∑

k=1

1

k3
−

k0∑

k=1

1

k3
≤ 1.3 −

k0∑

k=1

1

k3
.

Hence, in order to guarantee that (1.58) is satisfied, we choosek0 = k0(t) large enough so that

8

π3
e−

(2k0+1)2π2

4
t

(
1.3 −

k0∑

k=1

1

k3

)
≤ τ.

For example, fort = 1
4 andτ = 10−16, we needk0 ≥ 4. Of course, the above calculations

require implicitly that the series solution (1.57) represents indeed the solution of the original
PDE problem. ♦
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1.7 EXERCISES

1.7 Exercises

1.1. Consider an open bounded intervalΩ = (a, b) ⊂ R, a < b, andf ∈ Ck(Ω), for somek ∈
N0. Find a solution formula for Poisson’s equation in 1-D with zero Dirichlet boundary
conditions:

−u′′(x) = f(x), u(a) = u(b) = 0.

To which function space does the solutionu belong to?

1.2. Consider the functionu(x) = xβ on the domainΩ = [0, 1], and a real number1 ≤ p <∞.
For which values ofβ is ‖u‖p,Ω bounded?

1.3. Prove (1.16). Furthermore, use this result to prove Hölder’s inequality (1.8) forp = q = 2
(Cauchy-Schwarz inequality for integrals).

1.4. SupposeΩ has a sufficiently smooth boundary. Prove thatC0(Ω) is dense inLp(Ω)
for 1 ≤ p <∞.

1.5. Prove the 2nd Poincaré inequality in 1-D. More precisely, for a continuously differentiable
function u : [a, b] → R, a < b, show that there exists a constantC̃Ω > 0 (which only
depends ona, b) such that there holds

∫ b

a
(u(x) − u)2 dx ≤ C̃Ω

∫ b

a
u′(x)2 dx.

Here,

u =
1

b− a

∫ b

a
u(x) dx,

is the mean value ofu on the interval[a, b].

1.6. (Inverse estimates) LetΩ = (a, b), a < b be an open interval inR.

a) Show that (1.17) does not hold onC1(Ω), i.e. there exists no constantCΩ such that

‖u′‖2,Ω ≤ CΩ‖u‖2,Ω

for all u ∈ C1(Ω).

b) Show (1.18), i.e. prove that (1.17) holds true for all polynomials of (maximal) or-
derp. Can you find the constant in the above estimate explicitly?

c) Consider the finite-dimensional Fourier space

Fp(Ω) =

{
u(x) =

p∑

k=0

ak cos(kx) +

p∑

k=1

bk sin(kx) : ak, bk ∈ R

}
.

Prove that the inverse estimate (1.17) holds onFp(Ω), and find the constant explic-
itly.

25



1 INTRODUCTION

1.7. Suppose thatΓD is given as in Example 1.35. Show that (1.38) defines a norm on the
space{u ∈ Ck(Ω) : u = 0 onΓD} for anyk ∈ N.

1.8. Specify the types (according to Definition 1.22) of the following PDE:

a) Reaction-Diffusion equation:

ut − ∆u = f(u);

b) Hamilton-Jacobi equation:

ut +H(∇u,x) = 0;

c) p-Laplacian equation
div
(
|∇u|p−2∇u

)
= 0.

1.9. Specify the types (according to Definition 1.29) of the

a) Euler-Tricomi equation,
yuxx + uyy = 0,

in R2 in dependence ony;

b) telegraph equation
utt + dut − ∆u = 0,

in Rm, whered > 0 is a constant;

c) the linear second-order PDE

auxx + buxy + cuyy + dux + euy + f = 0,

in R2 in dependence on the constant coefficientsa, b, c, d, e, f ∈ R.

1.10. Use separation of variables to solve the Laplace equation

−∆u(x1, x2) = 0 in Ω = {(x1, x2) ∈ R2 : x2 > 0}

u(x1, 0) =
1

n
sin(nx1) on∂Ω = {(x1, 0) : x1 ∈ R}

∂u

∂x2
(x1, 0) = 0 on∂Ω = {(x1, 0) : x1 ∈ R}.

Is this problem well-posed asn→ ∞?

1.11. Find the solutionu = u(x, t) of the linear wave equation

utt − uxx = 0 in (−1, 1) × (0,∞), (1.59)

with boundary conditions

u(−1, t) = u(1, t) = 0 ∀t > 0, (1.60)
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and initial conditions

u(x, 0) = 1 − x2 and ut(x, 0) = 0 ∀x ∈ (−1, 1).

Hint: Choose a suitable representation formula foru(x, t) in terms of trigonometric func-
tions (with respect tox) and time-dependent coefficients; make sure that these functions
satisfy the boundary conditions (1.60) (cf. Example 1.50).Furthermore, find an ordinary
differential equation for each of the coefficients.
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2 Energy Methods

Energy methods constitute an important instrument in finding qualitative properties of PDE so-
lutions (provided that a sufficiently smooth solution exists). In this chapter, we shall focus on

• theDirichlet principle which says that the solution of certain PDEs can be interpreted as
minimum of a suitable energy functional. We will illustratethis with the Poisson equa-
tion (1.5);

• stability estimates and energy propertiesfor PDE solutions. Specifically, we will show
how, for the heat equation and the wave equation, stability bounds of the form (1.34) and
related statements about suitably defined energies can be proved;

• theuniquenessof PDE solutions. In fact, for many linear PDEs, energy methods can be
used to prove this important property of a PDE problem.

2.1 The Dirichlet Principle

Let us consider Poisson’s equation (1.5) with Dirichlet boundary conditions:

−∆u = f in Ω (2.1)

u = g on∂Ω, (2.2)

whereΩ ∈ Rm is a bounded open domain, andfmg are given sufficiently smooth functions.
Furthermore, define the following energy functional:

E(v) =
1

2

∫

Ω
|∇v|2 dx −

∫

Ω
fv dx. (2.3)

Theorem 2.4 (Dirichlet principle) Suppose thatu ∈ C2(Ω) solves(2.1)–(2.2). Then,u mini-
mizes the energy functionalE from (2.3) (under the boundary condition(2.2)), i.e.,

E(u) = min
v∈C2(Ω)
v=g on∂Ω

E(v). (2.5)

Conversely, if there existsu ∈ C2(Ω) that satisfies(2.5)and the boundary condition(2.2), then
u is a solution of(2.1)–(2.2).
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2 ENERGY METHODS

Proof: We first show that a solutionu ∈ C2(Ω) of (2.1)–(2.2) satisfies (2.5). To this end,
consider an arbitrary functionw with

w ∈ C2(Ω), w = g on∂Ω. (2.6)

Then, recalling the definition (2.3) of the energy functional E, and noticing that−∆u = f ,
results in

E(w) =
1

2

∫

Ω
|∇w|2 dx−

∫

Ω
fw dx =

1

2

∫

Ω
|∇w|2 dx+

∫

Ω
w∆udx.

Applying Green’s formula (1.4) and using thatw = g on∂Ω, leads to

E(w) =
1

2

∫

Ω
|∇w|2 dx−

∫

Ω
∇w · ∇udx+

∫

∂Ω
(∇u · n)w ds

=
1

2

∫

Ω
|∇w|2 dx−

∫

Ω
∇w · ∇udx+

∫

∂Ω
(∇u · n)g ds

(2.7)

for all w satisfying (2.6). Therefore, lettingw = u in the above identity, yields

E(u) = −
1

2

∫

Ω
|∇u|2 dx+

∫

∂Ω
(∇u · n)g ds,

and hence, ∫

∂Ω
(∇u · n)g ds = E(u) +

1

2

∫

Ω
|∇u|2 dx.

Inserting this into (2.7), we obtain

E(w) = E(u) +
1

2

∫

Ω
|∇u|2 dx+

1

2

∫

Ω
|∇w|2 dx−

∫

Ω
∇w · ∇udx

≥ E(u) +
1

2

∫

Ω
|∇u|2 dx+

1

2

∫

Ω
|∇w|2 dx−

∫

Ω
|∇w||∇u|dx

Then, using (1.16) in the last term withA = |∇u|, B = |∇w|, andδ = 1, we have

E(w) ≥ E(u) +
1

2

∫

Ω
|∇u|2 dx+

1

2

∫

Ω
|∇w|2 dx−

(∫

Ω

(
1

2
|∇u|2 +

1

2
|∇w|2

)
dx

)
= E(u).

This holds for allw satisfying (2.6), and hence, (2.5) is proved.
Let us show that (2.5) implies thatu solves (2.1)–(2.2). To this end, we use a technique from

the calculus of variations. Note that any functionw that fulfills (2.6) can be written in the form
u+ εϕ, for suitableε ∈ R and

ϕ ∈ C2(Ω), ϕ = 0 on∂Ω. (2.8)

Therefore, ifu satisfies (2.5), it follows that the function

η(ε) := E(u+ εϕ)
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2.2 STABILITY ESTIMATES AND ENERGY PROPERTIES

has a minimum atε = 0, and hence,η′(0) = 0. This implies that

0 = η′(ε)
∣∣
ε=0

=
d

dε

(
1

2

∫

Ω
∇(u+ εϕ) · ∇(u+ εϕ) dx −

∫

Ω
f(u+ εϕ) dx

)∣∣∣∣
ε=0

=
d

dε

(
1

2
ε2
∫

Ω
|∇ϕ|2 dx + ε

∫

Ω
(∇u · ∇ϕ− fϕ) dx +

∫

Ω

(
1

2
|∇u|2 − fu

)
dx

)∣∣∣∣
ε=0

= ε

∫

Ω
|∇ϕ|2 dx +

∫

Ω
(∇u · ∇ϕ− fϕ) dx

∣∣∣∣
ε=0

=

∫

Ω
(∇u · ∇ϕ− fϕ) dx.

Green’s formula (1.4) and the fact thatϕ = 0 on∂Ω imply that

0 =

∫

Ω
∇u · ∇ϕdx −

∫

Ω
fϕdx

=

∫

Ω
(∇u · n)ϕds−

∫

Ω
ϕ∆udx −

∫

Ω
fϕdx

=

∫

Ω
(−∆u− f)ϕdx

(2.9)

for all ϕ satisfying (2.8). Recalling Corollary 1.11, it follows that −∆u = f . �

Remark 2.10 A similar statement like property (2.5) holds also for the Poisson equation with
Neumann boundary conditions,∇u · n = g on∂Ω.

Remark 2.11 The Dirichlet principle can be used for numerical purposes.Here, a possible idea
is to restrict (2.5) to a finite-dimensional function spaceV (discretization space). More precisely,
a numerical approximation of the exact solution of (2.1)–(2.2) is found by solving the following
optimization problem: find̃u ∈ V such that

E(u) = min
w∈V

E(w).

This is the so-calledRitz-method. Thefinite element methodis closely related to this scheme.

Remark 2.12 Note that the energy functionalE from (2.3) remains well-defined on spaces that
are less regular thanC2(Ω) (e.g.,C1(Ω)). In fact, it is possible to define “weak solutions”
of (2.1)–(2.2) which do not belong toC2(Ω). In addition, the discretization spacesV of Ritz or
finite element methods typically consist of functions whicharenot globallyC2-regular.

2.2 Stability Estimates and Energy Properties

We will now prove some stability results for PDE solutions. More precisely, for the heat equa-
tion and the wave equation, we will show how solutions (measured in suitable norms) can be
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2 ENERGY METHODS

bounded by the data of the corresponding problem. In addition, we will illustrate, for some spe-
cial cases, that these estimates are related to certain energy properties. We have already analyzed
a corresponding estimate for the solution of the Poisson equation. Indeed, referring to (1.39),
there holds

‖∇u‖2,Ω ≤ CΩ ‖f‖2,Ω ,

or, equivalently,
E(u) ≤ C2

Ω ‖f‖2
2,Ω .

where we consider the energyE(u) := ‖∇u‖2
2,Ω for the Poisson problem (1.36)–(1.37) (instead

of the energy (2.3) defined in the context of the Dirichlet principle).
Let nowΩ ⊂ Rm be an bounded open domain,t0 an initial time, andT > t. We first consider

the heat equation
ut − ∆u = f for x ∈ Ω, t ∈ (t0, T ), (2.13)

with (homogeneous) Dirichlet boundary conditions

u(x, t) = 0 for x ∈ ∂Ω, t ∈ (t0, T ), (2.14)

and initial conditions
u(x, t0) = u0, x ∈ Ω, (2.15)

whereu0 is a given function. In order to ensure sufficient regularityfor the following analysis,
we suppose that the solutionu of the above problem belongs to the spaceC2,1(Ω), where we let
ΩT := Ω × (t0, T ), and, for integersk, l ≥ 0,

Ck,l(ΩT ) := {v : Ω × [t0, T ] : v(·, t) ∈ Ck(Ω) for all t ∈ [t0, T ], and

v(x, ·) ∈ C l([t0, T ]) for all x ∈ Ω}.
(2.16)

Now, multiplying the PDE with the solutionu and integrating overΩ, leads to
∫

Ω
utudx −

∫

Ω
u∆udx =

∫

Ω
fudx.

Applying Green’s formula (1.4) to the second of the above integrals and using the zero Dirichlet
boundary conditions, we obtain

∫

Ω
u∆udx =

∫

∂Ω
(∇u · n)uds−

∫

Ω
|∇u|2 dx = −

∫

Ω
|∇u|2 dx. (2.17)

Furthermore, we notice that12
d
dtu

2 = utu. Hence, it follows that

1

2

∫

Ω

d

dt
u2 dx +

∫

Ω
|∇u|2 dx =

∫

Ω
fudx. (2.18)

Moreover, by Hölder’s inequality (1.8), the Poincaré-Friedrichs inequality (1.14) and (1.16),
there holds

∫

Ω
fudx ≤

∫

Ω
|fu|dx ≤ ‖f(·, t)‖2,Ω ‖u(·, t)‖2,Ω ≤ CΩ ‖f(·, t)‖ ‖∇u(·, t)‖2,Ω

≤
1

2
C2

Ω ‖f(·, t)‖2
2,Ω +

1

2
‖∇u(·, t)‖2

2,Ω .
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2.2 STABILITY ESTIMATES AND ENERGY PROPERTIES

Inserting this into the previous bound, results in

1

2

∫

Ω

d

dt
u2 dx +

∫

Ω
|∇u|2 dx ≤

1

2
C2

Ω ‖f(·, t)‖2
2,Ω +

1

2
‖∇u(·, t)‖2

2,Ω ,

and thus,
1

2

∫

Ω

d

dt
u2 dx +

1

2

∫

Ω
|∇u|2 dx ≤

1

2
C2

Ω ‖f(·, t)‖2
2,Ω .

Multiplication by 2 and integrating over time fromt0 to somet ∈ (t0, T ), yields

∫

Ω

(
u2 − u2

0

)
dx +

∫ t

t0

∫

Ω
|∇u|2 dxdτ ≤ C2

Ω

∫ t

t0

‖f(·, τ)‖2
2,Ω dτ.

Therefore, we have proved the following result:

Proposition 2.19 For the heat equation(2.13)-(2.15), there holds the stability estimate

∫

Ω
u(x, t)2 dx +

∫ t

t0

‖∇u(·, τ)‖2
2,Ω dτ ≤

∫

Ω
u0(x)2 dx + C

∫ t

t0

‖f(·, τ)‖2
2,Ω dτ,

for all t ∈ (t0, T ), with a constantC > 0 only depending onΩ. Here, we suppose that the data
is sufficiently smooth, so that all of the above integrals arewell-defined.

Let us consider the special case wheref ≡ 0 onΩ, i.e. thehomogeneousheat equation. Then,
Proposition 2.19 implies that

∫

Ω
u2 dx +

∫ t

t0

∫

Ω
|∇u|2 dx ≤

∫

Ω
u2

0 dx,

and thus, ∫

Ω
u2 dx ≤

∫

Ω
u2

0 dx

for all t ∈ (t0, T ) (provided that the integrals are well-defined). Hence, defining the energy

E(t) :=

∫

Ω
u(x, t)2 dx, t ∈ (t0, T ), (2.20)

there holds
E(t) ≤ E(t0) ∀t ∈ (t0, T ).

There even holds the following result

Proposition 2.21 Suppose thatf ≡ 0 in (2.13). Then, for the energyE of the homogeneous
heat equation defined in(2.20), we have

1. E is monotonically decreasing, i.e.E(t2) ≤ E(t1) for all t0 ≤ t1 ≤ t2 ≤ T .
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2. E is exponentially decaying in time, i.e. there exists a constantγ > 0 only depending onΩ
such that

E(t) ≤ E(t0)e
−γ(t−t0)

for all t ∈ (t0, T ).

Proof:

1. There holds
d

dt
E(t) =

∫

Ω

d

dt
u2 dx = 2

∫

Ω
uut dx.

Then, due to (2.13) and using Green’s formula (1.4), it follows that

d

dt
E(t) = 2

∫

Ω
u∆udx = 2

∫

∂Ω
u(∇u · n) ds− 2

∫

Ω
|∇u|2 dx = −2

∫

Ω
|∇u|2 dx.

(2.22)
Hence, d

dtE(t) ≤ 0, which implies thatE is monotonically decreasing.

2. Applying the Poincaré-Friedrichs inequality (1.14) to(2.22), there holds

d

dt
E(t) = −2

∫

Ω
|∇u|2 dx ≤ −

2

C2
Ω

∫

Ω
u2 dx = −γE(t),

whereγ = 2
C2

Ω
> 0 is a constant only depending onΩ. Therefore, we obtain the following

ordinary differential equation forE:

d
dtE(t)

E(t)
≤ −γ.

Hence,
d

dt
ln (E(t)) ≤ −γ.

Integration fromt0 to t ∈ (t0, T ), yields

ln (E(t)) − ln (E(t0)) ≤ −γ(t− t0).

Sinceln is monotonically increasing, we find

E(t) ≤ E(t0)e
−γ(t−t0).

This completes the proof. �

We shall now turn to the homogeneous wave equation, i.e., (1.26) with f ≡ 0. We choose
(homogeneous) Dirichlet boundary conditions like in (2.14), and initial conditions

u(x, t = t0) = u0(x), ut(x, t = t0) = u1(x), x ∈ Ω, (2.23)

whereg, h are given functions. Note that, due to the fact that the wave equation is a second-
order PDE with respect to time, two initial conditions are required. We suppose that the solution
fulfills

u ∈ C2,2(ΩT );
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2.3 UNIQUENESS OF SOLUTIONS

cf. (2.16). Our goal is to investigate a suitable energy for this problem. Let us therefore multiply
the (homogeneous) wave equation byut and integrate overΩ. This results in

∫

Ω
ututt dx −

∫

Ω
ut∆udx = 0.

Due tou = 0 on ∂Ω for all t ∈ (t0, T ), there holds alsout = 0 on ∂Ω × (t0, T ). Thus,
integration by parts inx (Green’s formula (1.4)), leads to

∫

Ω
ututt dx +

∫

Ω
∇u · ∇ut dx = 0.

Noticing that12
d
dtu

2
t = uttut and 1

2
d
dt |∇u|

2 = ∇u · ∇ut, we obtain

1

2

d

dt

∫

Ω
u2

t dx +
1

2

d

dt

∫

Ω
|∇u|2 dx = 0.

Integration with respect to time fromt0 to t ∈ (t0, T ), results in

1

2

∫

Ω

(
ut(x, t)

2 − u1(x)
)2

dx +
1

2

∫

Ω

(
|∇u(x, t)|2 − |∇u0(x)|2

)
dx = 0.

Hence, defining the energy

E(t) :=

∫

Ω

(
ut(x, t)

2 + |∇u(x, t)|2
)

dx, (2.24)

we obtain the following result:

Proposition 2.25 For the homogeneous wave equation with homogeneous Dirichlet boundary
conditions, the energy defined in(2.24)remains constant in time, i.e.,

E(t) = E(t0) =

∫

Ω

(
u1(x)2 + |∇u0(x)|2

)
dx

for any t ∈ (t0, T ). Here, it is again supposed that the data is sufficiently smooth, so that all
integrals are well-defined.

2.3 Uniqueness of Solutions

We will now demonstrate how energy estimates can be used to easily prove uniqueness of solu-
tions of the corresponding PDE problems.

Theorem 2.26 The Poisson problem(2.1)–(2.2)has at most one solution inC2(Ω).

Proof: Suppose that there are two solutionsu, ũ ∈ C2(Ω) to (2.1)–(2.2). We define the
difference byv = u− ũ. Then, due to linearity of the PDE, there holds

−∆v = −∆(u− ũ) = −∆u+ ∆ũ = f − f = 0 in Ω,
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and
v = u− ũ = g − g = 0 on∂Ω. (2.27)

Due to (1.39), we have‖∇v‖2,Ω = 0. Thus,∇v ≡ 0, andv is constant. In addition, because
of (2.27), it follows thatv ≡ 0, i.e.,u ≡ ũ. �

Similar techniques can be applied to prove the uniqueness ofthe heat equation and of the
wave equation. Like for the Poisson equation, we shall consider possibly nonhomogeneous (i.e.,
nonzero) Dirichlet boundary conditions,

u = g on∂Ω × [t0, T ]. (2.28)

Theorem 2.29 The heat equation(2.13) with (possibly inhomogeneous) Dirichlet boundary
conditions(2.28)and initial conditions(2.15)has at most one solution inC2,1(ΩT ).

Proof: Consider two solutionsu andũ of the given PDE problem. Then, by linearity (similarly
as in the proof of the previous Theorem 2.26), the differencev = u− ũ satisfies the heat problem

vt − ∆v = 0 in ΩT

v(x, t) = 0 on∂Ω × (t0, T )

v(x, t0) = 0 in Ω.

Due to Proposition 2.21, there holds

E(t) ≤ E(t0) =

∫

Ω
v(x, t0)

2 dx = 0

for all t ∈ (t0, T ), whereE is the energy defined in (2.20). Consequently,v ≡ 0 onΩT . �

Theorem 2.30 The wave equation(1.26) with (possibly inhomogeneous) Dirichlet boundary
conditions(2.28)and initial conditions(2.23)has at most one solution inC2,2(ΩT ).

Proof: We define againv = u−ũ, whereu andũ are two solutions of the given wave problem.
Then, there holds

vtt − ∆v = 0 in ΩT

v(x, t) = 0 on∂Ω × (t0, T )

v(x, t0) = vt(x, t0) = 0 in Ω.

Moreover, with Proposition 2.25, we have

E(t) = E(t0) =

∫

Ω

(
vt(x, t0)

2 + |∇v(x, t0)|
2
)

dx =

∫

Ω
|∇v(x, t0)|

2 dx,

for anyt ∈ (t0, T ), whereE is the energy from (2.24). We notice that, due tov(x, t0) = 0 onΩ,
it follows that∇v(x, t0) = 0 onΩ. Hence,E(t) = 0 for all t ∈ (t0, T ). This implies that

vt(x, t) = |∇v(x, t)| = 0 ∀(x, t) ∈ ΩT .

Thus,v is constant in space and time. Furthermore, sincev(x, t0) = 0 for all x ∈ Ω, it follows
thatv ≡ 0. �
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2.4 Exercises

2.1. On a bounded domainΩ ⊂ Rm, consider the Laplace eigenvalue problem

−∆u = λu in Ω

u = 0 on∂Ω.

We are looking for scalarsλ ∈ R (eigenvalues) and (nonzero, smooth) functionsu : Ω →
R (eigenfunctions) which satisfy the above problem.

a) Show that all eigenvaluesλ are strictly positive.

b) Prove that two eigenfunctionsu1, u2, corresponding to two different eigenval-
uesλ1 6= λ2, are orthogonal with respect to the integral product, i.e.,

∫

Ω
u1u2 dx = 0.

c) In the 1-dimensional case (m = 1), find the smallest eigenvalueλ > 0 on the domain
Ω = (−1, 1). Here,∂Ω = {±1} and∆u ≡ u′′.

2.2. LetΩ ⊂ Rm, m ≥ 2, be a bounded, open domain. Supposeu ∈ C2(Ω) satisfies the
Neumann problem

−∆u = f in Ω

∇u · n = g on∂Ω,

wheref, g are sufficiently smooth. Furthermore, forv ∈ C2(Ω), define the energy func-
tional

E(v) =

∫

Ω

(
1

2
|∇v|2 − fv

)
dx −

∫

∂Ω
gv ds.

Prove thatE(u) = infv∈C2(Ω) E(v).

2.3. Let Ω ⊂ Rm be a bounded domain. Furthermore, consider astrictly positive func-
tion a(x) ∈ C1(Ω), and a vector-valued functionb(x) ∈ C1(Ω)m. Furthermore, let
u0(x), f(x, t) be continuous. Prove that any sufficiently smooth solutionu(x, t) of the
initial boundary value problem

ut(x, t) − div (a(x)∇u(x, t)) − b(x) · ∇u(x, t) = f(x, t) x ∈ Ω, t > 0

u(x, t) = 0 x ∈ ∂Ω, t > 0

u(x, 0) = u0(x) x ∈ Ω,

satisfies an inequality of the form

∫

Ω
|u(x, T )|2 dx ≤ C(T )

(∫

Ω
|u0(x)|2 dx +

∫ T

0

∫

Ω
|f(x, t)|2 dxdt

)
.

Hint: Consider first the functionw = eαtu, with a suitable constantα ∈ R.
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2.4. LetΩ ⊂ Rm be a bounded, open domain, with smooth boundary∂Ω. Consider smooth
functionsb(x, t), g(x), andh(x). Moreover, letu(x, t) ∈ C2(Ω × [0, T ]), T > 0, be a
solution of the wave equation

utt − ∆u = 0 in Ω × (0, T ]

∇u · n + u = b on∂Ω × (0, T ]

u(x, 0) = g(x), ut(x, 0) = h(x) onΩ.

Use energy methods to prove thatu is the only solution inC2(Ω × [0, T ]).
Hint: Consider two solutionsu, ũ, definew = u− ũ, and use the energy

E(t) =
1

2

∫

Ω
w2

t dx +
1

2

∫

Ω
|∇w|2 dx.

Show thatE ≤ 0 (and hence,E(t) ≡ 0).

2.5. Consider an open, bounded domainΩ ⊂ Rm, and a smooth functionf : Ω → R (inde-
pendent of the time variablet). Furthermore, letu be a (sufficiently smooth) solution of
both, the heat equation and the wave equation, i.e.,

ut(x, t)−∆u(x, t) = f(x), utt(x, t)−∆u(x, t) = f(x), in Ω×(0,∞), (1.1)

with
u(x, t) = 0 on∂Ω × [0,∞). (1.2)

Prove thatu is independent oft, and that there exists at most one smooth function that
satisfies all the equations in (1.1)–(1.2).

2.6. LetΩ ⊂ Rm be open and bounded. Find a suitable energyE(t) for the (homogeneous)
telegraph equation,

utt + dut − ∆u = 0 in Ω × (t0, T )

u = 0 on∂Ω × [t0, T ]

u(x, t0) = u0(x), ut(x, t0) = u1(x) in Ω,

and prove that it decays exponentially witht → ∞. Here,d > 0 is a constant, andu0, u1

are given initial conditions.
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3 Poisson Equation

This chapter will discuss the solution of the Poisson equation

−∆u = f, (3.1)

on an open domainΩ ⊆ Rm. Furthermore, we shall study certain properties of harmonic
functions, including some mean value properties and the maximum principle.

3.1 Distributions

Distributions constitute a very useful tool, for example, in the development of solution formulas
for PDEs. Here, our focus shall be to consider some of the basic concepts, without discussing
the detailed aspects. More precisely, we shall show how distributions can be applied to obtain
PDE solutions, and will then prove that the resulting formulas are in fact true.

3.1.1 Definition of Distributions

Distributions can be considered as generalized functions.For instance, forx0 ∈ Rm andε > 0,
let us consider the function

δ
(ε)
x0 (x) =

{
1

Vm,ε
if x ∈ Bε(x0)

0 otherwise
,

where
Bε(x0) = {x ∈ Rm : |x − x0| < ε}, (3.2)

is the open ball inRm with centerx0 and radiusε, and

Vm,ε =

∫

Bε(x0)
dx =

εmπ
m
2

Γ
(

m
2 + 1

) (3.3)

denotes its volume (Γ is the Gamma function). Then, for any sufficiently smooth functionsϕ,
there holds

∫

Ω
δ
(ε)
x0 ϕdx =

1

Vm,ε

∫

Bε(x0)
ϕ(x) dx = average ofϕ in Bε(x0)

ε→0
−→ ϕ(x0).
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3 POISSON EQUATION

Hence, the “limit”δx0 of δ(ε)x0 satisfies
∫

Rm

δx0ϕdx = ϕ(x0) (3.4)

for all sufficiently smooth functionsϕ. However, the limit ofδ(ε)x0 is not a function in the classical
sense; it is the so-calledDirac delta distributionatx0. In fact, it can be shown that there exists
no function that satisfies (3.4) for allϕ. Hence, the integral representation is to be understood in
asymbolicalsense. We will explain this in more detail in Remark 3.7.

In order to provide a mathematical framework for distributions, we shall first define conver-
gence on the space of test functionsD(Ω).

Definition 3.5 Consider a sequence{ϕn}n∈N ⊂ D(Ω) andϕ ∈ D(Ω). Then, we say thatϕn

convergestoϕ asn→ ∞,
ϕn → ϕ, n→ ∞,

if there exists a compact setM ⊂ Ω containing the supports of allϕn and ofϕ such thatϕn and
all of its partial derivatives of any order convergeuniformly to ϕ and its corresponding partial
derivatives asn → ∞, i.e., given any multi-indexα ∈ Nm

0 , then for all ε > 0 there exists
n0 ∈ N (independent ofx ∈M ) such that

|Dα(ϕn − ϕ)(x)| < ε ∀x ∈M,∀n ≥ n0.

We shall now proceed with a possible definition of distributions.

Definition 3.6 A distribution(generalized function) is a linear functional

ℓ : D(Ω) → R, ϕ 7→ ℓ(ϕ),

with the following continuity property: if a sequence{ϕn}n∈N ⊂ D(Ω) converges toϕ ∈ D(Ω),
i.e. ϕn → ϕ, thenℓ(ϕn) → ℓ(ϕ). The space of all distributions onΩ is denoted byD′(Ω). We
introduce an addition and a scalar multiplication onD′(Ω):

(ℓ1 + ℓ2)(ϕ) = ℓ1(ϕ) + ℓ2(ϕ), ∀ℓ1, ℓ2 ∈ D′(Ω),

(aℓ)(ϕ) = ℓ(aϕ), ∀ℓ ∈ D′(Ω), a ∈ R.

Furthermore, we callℓ ∈ D′(Ω) the zero-distribution ifℓ(ϕ) = 0 for all test functionsϕ ∈
D(Ω). Note that, with these definitions,D′(Ω) is a linear space.

Remark 3.7 We note that any integrable functionf : Ω → R can be identified with a distribu-
tion

ϕ 7→

∫

Ω
f(x)ϕ(x) dx. (3.8)

Typically, for convenience,f is used to denote both the function as well as the corresponding
distribution, i.e.,

f(ϕ) ∼= (f, ϕ) =

∫

Ω
fϕdx.
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3.1 DISTRIBUTIONS

Even if a distributionℓ cannot be represented in terms of a function as in (3.8), we often use the
(symbolical) integral form:

ℓ(ϕ) ∼= (ℓ, ϕ) =

∫

Ω
ℓϕdx.

In this sense, for example, the previously discussed Dirac delta distributionδx0 ,

δx0 : D(Ω) → R, ϕ 7→ ϕ(x0),

is often written in the form
∫

Ω
δ0(x)ϕ(x) = (δ0, ϕ) = ϕ(x0).

3.1.2 Convergence in the Distributional Sense

Definition 3.9 We say that a sequence{fn} ⊂ D′(Ω) convergesto f ∈ D′(Ω) (in the distribu-
tional sense) if

(fn, ϕ) → (f, ϕ) ∀ϕ ∈ D′(Ω).

We note thatD′(Ω) is “closed” in the sense that, if(fn, ϕ) converges for allϕ ∈ D(Ω), then
there existsf ∈ D′(Ω) such thatfn → f .

Example 3.10 Consider the sequence of functions

fn(x) = sin(nx).

We are interested in the limitn → ∞ in the distributional sense onD(R). Forϕ ∈ D(Ω), we
have

(fn, ϕ) =

∫ ∞

−∞
sin(nx)ϕ(x) dx.

Sinceϕ has compact support, there holds

(fn, ϕ) =
1

n

∫ ∞

−∞
cos(nx)ϕ′(x) dx,

and,

|(fn, ϕ)| ≤
1

n

∫ ∞

−∞
| cos(nx)||ϕ′(x)|dx ≤

1

n

∫ ∞

−∞
|ϕ′(x)|dx

n→∞
−→ 0.

This implies thatfn converges to the zero-distribution, i.e.

lim
n→∞

sin(nx) = 0

in the distributional sense. ♦
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3 POISSON EQUATION

3.1.3 Weak Derivatives

Consider a smooth functionf ∈ D(Ω). Sincef has compact support, there holds, for1 ≤ i ≤
m, ∫

Ω
f(x)

∂ϕ

∂xi
(x) dx = −

∫

Ω

∂f

∂xi
(x)ϕ(x) dx ∀ϕ ∈ D(Ω). (3.11)

For non-smooth functions the above equality does typicallynot hold since the partial deriva-
tives ∂f

∂xi
might not exist, for example. In this case, we can, however, use (3.11) to introduce a

new definition of derivatives. They will be called “weak derivatives”.

Definition 3.12 Let f ∈ D′(Ω) and 1 ≤ i ≤ m. Theng ∈ D′(Ω) is called theweak (or
distributional) derivative off in thexi-direction, denoted by∂f

∂xi
, if

(
f,
∂ϕ

∂xi

)
= − (g, ϕ) ∀ϕ ∈ D(Ω).

More general, for a multi-indexα ∈ Nm
0 , we define the weak partial derivative corresponding

to α by
(Dαf, ϕ) = (−1)|α| (f,Dαϕ) ∀ϕ ∈ D(Ω). (3.13)

Remark 3.14 We note that a distributionf ∈ D′(Ω) always has a weak derivative inD′(Ω).
Indeed, for1 ≤ i ≤ m, the weak (partial) derivative with respect to thexi direction is given by

∂f

∂xi
(ϕ) ∼=

(
∂f

∂xi
, ϕ

)
= −

(
f,
∂ϕ

∂xi

)
∼= −f

(
∂ϕ

∂xi

)
,

and more general, for a multi-indexα ∈ Nm
0 ,

(Dαf) (ϕ) = (−1)|α|f (Dαϕ)

for anyϕ ∈ D(Ω).

Remark 3.15 Weak derivatives are generalizations of classical derivatives. Particularly, if a
function has a classical derivative on a domainΩ, then that derivative is identical to the weak
derivative. We note, however, that a function with a weak derivative does not necessarily have a
classical derivative.

Let us consider some examples in order to illustrate the above definition.

Example 3.16 The classical derivative ofu(x) = |x| is only defined piecewise on the do-
main Ω = (−1, 1) due to non-differentiability atx = 0. In particular, there exists no global
classical derivative onΩ. It is possible, however, to find a weak derivative onΩ: in fact, for
ϕ ∈ D(Ω), there holds

∫ 1

−1
u(x)ϕ′(x) dx = −

∫ 0

−1
xϕ′(x) dx+

∫ 1

0
xϕ′(x) dx

=

∫ 0

−1
ϕ(x) − ϕ(−1) −

∫ 1

0
ϕ(x) dx+ ϕ(1).
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3.1 DISTRIBUTIONS

Notice thatϕ(−1) = ϕ(1) = 0, and hence,
∫ 1

−1
u(x)ϕ′(x) dx =

∫ 0

−1
ϕ(x) −

∫ 1

0
ϕ(x) dx =

∫ 1

−1
sgn(x)ϕ(x) dx.

Therefore, the functiong(x) = sgn(x) is the (global) weak derivative ofu. Let us find the weak
derivative ofg. We have

∫ 1

−1
g(x)ϕ′(x) dx = −

∫ 0

−1
ϕ′ dx+

∫ 1

0
ϕ′ dx = −2ϕ(0) = −

∫ 1

−1
2δ0ϕdx.

Thus,u′′ = g′ = 2δ0 in the weak sense. ♦

Example 3.17 Consider the function

u(r, θ) = ln r = ln |x|,

written in polar coordinates(r, θ) in R2. We are looking for∆u in the distributional sense. The
Laplacian in polar coordinates is given by

∆v =
∂2v

∂r2
+

1

r

∂v

∂r
+

1

r2
∂2v

∂θ2
; (3.18)

cf. Exercise 3.1. Hence, we see that

∆u = 0, r 6= 0, (3.19)

By the definition of the weak derivatives (3.13), we are looking for g = ∆u such that
∫

R2

gϕdx =

∫

R2

u∆ϕdx

We split the latter integral into two parts in order to isolate the singularity ofu at r = 0:
∫

R2

u∆ϕdx =

∫

|x|>ε
u∆ϕdx +

∫

|x|≤ε
u∆ϕdx := I1 + I2.

Twofold integration by parts inI1 yields

I1 =

∫

|x|>ε
∆uϕdx +

∫

|x|=ε
(∇ϕ · n)udsx −

∫

|x|=ε
(∇u · n)ϕdsx,

wheren = −x

ε . Due to (3.19), there holds
∫

|x|>ε
∆uϕdx = 0.

Furthermore,
∣∣∣∣∣

∫

|x|=ε
(∇ϕ · n)udsx

∣∣∣∣∣ ≤ sup
x∈Rm

|∇ϕ(x)|

∫

|x|=ε
| ln |x| |dsx = 2πε| ln ε| sup

|x|=ε
|∇ϕ(x)|

ε→0
−→ 0.
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3 POISSON EQUATION

Moreover,

∇u · n|r=ε = −
∂u

∂r

∣∣∣∣
r=ε

= −
1

r

∣∣∣∣
r=ε

= −
1

ε
.

Therefore,

−

∫

|x|=ε
(∇u · n)ϕdsx = 2π

1

2πε

∫

|x|=ε
ϕdsx

ε→0
−→ 2πϕ(0).

In addition,

I2 ≤ sup
x∈R2

|∆ϕ(x)|

∫

|x|≤ε
| ln |x| |dx,

and ∫

|x|≤ε
| ln |x| |dx =

∫ ε

0
dr

∫

|x|=r
| ln |x| |ds = 2π

∫ ε

0
r| ln r| dr

ε→0
−→ 0.

Summing up, we obtain ∫

R2

u∆ϕdx = 2πϕ(0),

and thus,
g = ∆u = 2πδ0,

in the distributional sense. ♦

3.1.4 Sobolev Spaces

We have already mentioned that all distributions have a distributional (weak) derivative; cf. Re-
mark 3.14. In addition to the existence of weak derivatives,it is often interesting to know
whether a weak derivative is bounded in a suitable norm, especially in the case where the weak
derivative of a function is itself a function. Here, so-called Sobolev spaces play an important
role.

Forp ≥ 1 andk ∈ N, and an open domainΩ ⊆ Rm, we define the Sobolev spaces

W k,p(Ω) = {v ∈ Lp(Ω) : D
αv ∈ Lp(Ω) for all α ∈ Nm

0 with |α| ≤ k} ,

where the differential operators are to be understood in theweak sense. For the definition of the
Lp-spaces, we refer to (1.6). The spaceW k,p can be equipped with the norm‖ · ‖W k,p(Ω) given
by

‖v‖W k,p(Ω) =


‖v‖p

p,Ω +

k∑

i=0

∑

α∈N
m
0

|α|=i

‖Dαv‖p
p,Ω




1
p

.

In addition, we have the following semi-norm:

|v|W k,p(Ω) =



∑

α∈N
m
0

|α|=k

‖Dαv‖p
p,Ω




1
p

.
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3.2 POISSON EQUATION IN Rm

In the casep = 2, the above (normed) Sobolev spaces are often denoted byHk(Ω), i.e., for
k ∈ N, we set

Hk(Ω) = W k,2(Ω),

with the corresponding norm‖ · ‖Hk(Ω) and semi-norm| · |Hk(Ω).
There holds the following important density result which relates smooth functions to functions

in Sobolev spaces.

Theorem 3.20 Suppose thatΩ is an open bounded domain with Lipschitz boundary. Then, the
spaceC∞(Ω) is dense inW k,p(Ω) with respect to the norm‖ · ‖W k,p(Ω) for all 1 ≤ p <∞.

We note that functions in Sobolev spaces are not always continuous. More precisely, we have:

Theorem 3.21 LetΩ ⊂ Rm,m ∈ N, be open and bounded, with Lipschitz boundary (ifm ≥ 2).
Furthermore, letk,κ ∈ N with k − κ > 0, andp ∈ [1,∞). Then, if

{
k − κ ≥ m if p = 1,

k − κ > m
p if p > 1,

there holds1

W k,p ⊂ Cκ(Ω).

Example 3.22 The above theorem shows, for example, that form = 1, there holdsH1(Ω) ⊂
C0(Ω). Form = 2, however, this is not anymore true (indeed, the functionu(x) = ln ln e

|x|

onΩ = B1(0) belongs toH1(Ω), however, is not continuous atx = 0). ♦

3.2 Poisson Equation in Rm

We shall now consider the Poisson problem

−∆u = f in Rm. (3.23)

In order to derive a solution formula, let us suppose that there exists a functionΦ that satisfies

−∆Φ = δ0, (3.24)

whereδ0 is the delta distribution (at 0) from (3.4). Then, for some functionv, there holds

v(x) =

∫

Rm

v(x − y)δ0(y) dy = −

∫

Rm

v(x − y)Φ(y) dy.

Then,formally using Green’s formula and supposing that all functions involved vanish towards
infinity, results in

v(x) =

∫

Rm

∇yv(x − y) · ∇yΦ(y) dy = −

∫

Rm

∆yv(x − y)Φ(y) dy.

1More precisely, for everyu ∈ W
k,p(Ω), there is aeu ∈ C

κ (Ω) which coincides withu almost everywhere, i.e.,
up to a zero-measure set (in the sense of the Lebesgue integration).
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3 POISSON EQUATION

Particularly, for the solutionu of the Poisson problem (3.23), we (formally) obtain the solution
formula

u(x) = −

∫

Rm

∆yu(x − y)Φ(y) dy =

∫

Rm

f(x − y)Φ(y) dy. (3.25)

Evidently, the above representation for a solution of (3.23) still requires the following questions
to be answered:

1. What is the solution of (3.24) inRm? Here, Example 3.17 implies thatΦ(x) = − 1
2π ln |x|

is a possible solution inR2.

2. The derivation of a solution formula was rather formal. Hence, once a functionΦ is found,
we need to check that (3.25) is in fact a solution of (3.23).

These two issues shall be addressed in the following two sections.

3.2.1 Fundamental Solution

We are interested in finding a solutionΦ of (3.24). Such a function is called afundamental
solutionof the Laplace equation. Recalling our “construction” of the delta distribution at the
beginning of Section 3.1, it is reasonable to suppose thatΦ satisfies

∆Φ(x) = 0, x 6= 0, (3.26)

in the classical sense. Furthermore, let us assume thatΦ is radially symmetric, i.e., there exists
a functionΦ̃ such that

Φ(x) = Φ̃(|x|).

In order to solve the above equation, we shall write the Laplacian ∆ in terms of the radial
variable

r = |x| =
√
x2

1 + x2
2 + . . .+ x2

m.

For1 ≤ i ≤ m, there holds
∂Φ̃

∂xi
=

dΦ̃

dr

∂r

∂xi
,

and
∂2Φ̃

∂x2
i

=
d2Φ̃

dr2

(
∂r

∂xi

)2

+
dΦ̃

dr

∂2r

∂x2
i

=
x2

i

r2
d2Φ̃

dr2
+
r −

x2
i

r

r2
dΦ̃

dr
.

Therefore,

∆Φ̃ =
m∑

i=1

∂2Φ̃

∂x2
i

=
1

r2
d2Φ̃

dr2

m∑

i=1

x2
i +

1

r2
dΦ̃

dr

m∑

i=1

(
r −

x2
i

r

)
=

d2Φ̃

dr2
+
m− 1

r

dΦ̃

dr
.

Thus

∆Φ̃(r) = Φ̃′′(r) +
m− 1

r
Φ̃′(r),

and (3.26) becomes

0 = Φ̃′′(r) +
m− 1

r
Φ̃′(r).
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3.2 POISSON EQUATION IN Rm

Hence, provided that̃Φ′ 6= 0,
Φ̃′′

Φ̃′
=

1 −m

r
.

Noticing that
(
ln Φ̃′

)′
=

eΦ′′
eΦ′ , leads to

ln Φ̃′ = (1 −m) ln r + C,

and
Φ̃′ = C̃r1−m,

whereC, C̃ ∈ R are constants. Therefore,

Φ̃(r) =

{
a ln r + b if m = 2

a 1
rm−2 + b if m ≥ 3,

wherea, b ∈ R are arbitrary constants. Lettingb = 0 and choosinga such thatΦ(x) = Φ̃(|x|)
satisfies (3.24), leads to the following definition:

Definition 3.27 The function

Φ(x) =

{
− 1

2π ln |x| if m = 2
1

m(m−2)V (m)
1

|x|m−2 if m ≥ 3,
(3.28)

is called thefundamental solutionof the Laplace equation. Here,Vm,1 is the volume of the unit
ball in Rm; cf. (3.3).

Proposition 3.29 The fundamental solution from(3.28) satisfies(3.24) in the distributional
(weak) sense.

Proof: See Exercise 3.2. �

3.2.2 Solution of −∆u = f in Rm

Theorem 3.30 Letf ∈ C2
c (Rm) in (3.1). Then, the function

u(x) =

∫

Rm

Φ(x − y)f(y) dy (3.31)

is well-defined, belongs toC2(Rm), and satisfies the Poisson equation(3.1). Here, Φ is the
fundamental solution(3.28)of the Laplace equation.

Proof: See Evans, pp. 23–25. �

Remark 3.32 We notice that the solution of the Poisson equation inRm given in (3.31) is not
unique. In fact, any function of the formv = u + ϕ, whereu is the solution from (3.31) andϕ
satisfies∆ϕ = 0, solves (3.23):

−∆v = −∆u+ ∆ϕ = f + 0 = f.
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3 POISSON EQUATION

3.3 Poisson Equation in a Bounded Domain

We will now look at the Poisson equation in a bounded open domain Ω,

−∆u = f in Ω. (3.33)

In order to assure the uniqueness of a solution, we need to impose a boundary condition; cf.,
e.g., Chapter 2, Section 2.3. Let us consider, for example, aDirichlet boundary condition,

u = g on∂Ω. (3.34)

3.3.1 Green Functions

In order to obtain a representation formula for the solutionof (3.33)–(3.34), we would like to
proceed in a similar way as for the Poisson equation inRm. To this end, considerx ∈ Ω and
define a functionGx that satisfies

−∆yG
x(y) = δx(y) in Ω, (3.35)

whereδx is the Dirac delta distribution atx. Then, there holdsformally that

u(x) =

∫

Ω
δx(y)u(y) dy = −

∫

Ω
∆yG

x(y)u(y) dy.

Furthermore, twofold formal integration by parts yields

u(x) = −

∫

∂Ω
(∇yG

x(y) · n)u(y) dsy +

∫

Ω
∇yG

x(y) · ∇u(y) dy

= −

∫

∂Ω
(∇yG

x(y) · n)u(y) dsy +

∫

∂Ω
Gx(y)(∇u(y) · n) dsy −

∫

Ω
Gx(y)∆u(y) dy.

Using (3.33)–(3.34) results in

u(x) = −

∫

∂Ω
(∇yG

x(y) · n)g(y) dsy +

∫

∂Ω
Gx(y)(∇u(y) · n) dsy +

∫

Ω
Gx(y)f(y) dy.

(3.36)
Provided that we can find the functionGx, we see that the above expression is already almost
a solution formula for (3.33)–(3.34). We remark, however, that we do not have any information
on the normal derivative∇u ·n of u along∂Ω. The problem can easily be resolved by imposing
the following homogeneous (Dirichlet) boundary conditiononGx:

Gx = 0 on∂Ω. (3.37)

With this, there holds

u(x) = −

∫

∂Ω
(∇yG

x(y) · n)g(y) dsy +

∫

Ω
Gx(y)f(y) dy. (3.38)

This is now indeed a solution formula.
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3.3 POISSON EQUATION IN A BOUNDED DOMAIN

Remark 3.39 We emphasize that the above calculation was formal, and hence, the solution
formula (3.38) needs to be verified carefully.

Remark 3.40 The functionGx does only depend on the domainΩ and not on the dataf andg.
In particular, onceGx is known for a given domainΩ, the solution formula (3.38) for the Poisson
problem onΩ can be used for any (sufficiently smooth) dataf, g.

Let us now discuss the functionGx. In order to fulfill (3.35), the function

G̃x(y) = Φ(x − y)

is a plausible choice; cf. (3.24). Evidently, however,G̃x does not satisfy the homogeneous
boundary conditions (3.37). For this reason we subtract aboundary correction functionϕx

from G̃x. More precisely, we let

Gx(y) = Φ(x − y) − ϕx(y). (3.41)

Then, in order for (3.35), (3.37) to hold, we require

−∆yϕ
x(y) = −∆yΦ(x − y) + ∆yG

x(y) = δx(y) − δx(y) = 0,

in ∂Ω, and
ϕx(y) = Φ(x − y) −Gx(y) = Φ(x − y)

on∂Ω. This leads to the following definition.

Definition 3.42 For fixedx ∈ Ω, the functionGx from (3.35)–(3.37) is calledGreen function
for the Poisson problem(3.33)–(3.34). It is represented by

Gx(y) = Φ(x − y) − ϕx(y),

whereΦ is the fundamental solution of the Laplace equation from(3.28), andϕx is a boundary
correction function satisfying

−∆yϕ
x(y) = 0 y ∈ Ω (3.43)

ϕx(y) = Φ(x − y) y ∈ ∂Ω. (3.44)

Here, we suppose thatϕx ∈ C2(Ω).

Remark 3.45

1. We note that the functionΦ(x − y) prescribing the values of the boundary correction
function on∂Ω is well-defined. Indeed, forx ∈ Ω andy ∈ ∂Ω, we clearly havex 6= y,
and thus, the singularity ofΦ at0 is not a source of difficulty.

2. The Green function is symmetric, i.e.,

Gx(y) = Gy(x) ∀x,y ∈ Ω;

cf. Exercise 3.4.
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3 POISSON EQUATION

3. A similar solution formula like in (3.38) can be obtained for the Poisson problems with
other boundary conditions than the Dirichlet boundary condition (3.34) (e.g., Neumann
or mixed boundary conditions). To this end, the boundary conditions for the Green func-
tion Gx have to be chosen appropriately so that (the parts of) the integrals in (3.36) for
which no boundary data is given vanish.

4. The idea of representing the solution of the Poisson problem in terms of a Green function
extends to more general PDE problems in a natural way.

3.3.2 Solution of −∆u = f in a Bounded Domain

Using similar techniques as in the proof of Theorem 3.30 for the Poisson problem inRm, it can
been shown that the solutionu from (3.38) satisfies (3.33). In addition, it needs to provedthatu
fulfills the boundary conditiong at the boundary∂Ω. More precisely, there holds the following
result.

Theorem 3.46 Let Ω ⊂ Rm be open and bounded. Furthermore, suppose that(3.43)–(3.44)
and (3.33)–(3.34) have solutionsϕx (for any x ∈ Ω) andu, respectively, which both belong
to C2(Ω). Then,u is given by(3.38). Here, u from (3.38) satisfies the Dirichlet boundary
condition(3.34) in the following limit sense: Given a convergent sequence{xn}n≥N ⊂ Ω with
a limit x ∈ ∂Ω, thenlimn→∞ u(xn) = g(x).

3.3.3 Examples of Green Functions

For general domains and problems, it is typically not possible to find an explicit expression (for
example, in terms of elementary functions) for the associated Green function. In some special
cases, however, a formula can be derived.

We shall consider the Poisson problem (with Dirichlet data)in the upper half space

Hm
+ = {x ∈ Rm : xm > 0},

and in the sphere
Br(x0) = {x ∈ Rm : |x| < r},

with radiusr > 0 and centerx0 ∈ Rm. More examples will be discussed in Exercise 3.5.

Green Function on the Half Space

Our task is to find, for anyx ∈ Hm
+ , a functionϕx that satisfies (3.43)–(3.44). Then, the Green

functionGx is given by (3.41). A tempting candidate forϕx is the functionΦ(x − y). We
recall, however, that this would result in a loss of the requiredC2 regularity ofϕx due to the
presence of a singularity aty = x. A simple remedy for this problem is to move this singularity
outside of the domainHm

+ . Clearly, this needs to be done in such a way that (3.43) and (3.44)
are still satisfied. The reflection

R : x = (x1, x2, . . . , xm−1, xm) 7→ R(x) = (x1, x2, . . . , xm−1,−xm),
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3.3 POISSON EQUATION IN A BOUNDED DOMAIN

does the trick. Indeed, by setting

ϕx(y) = Φ(R(x) − y),

we see thatϕx ∈ C2(Hm
+ ) sinceR(x) 6∈ Hm

+ for x ∈ Hm
+ , and hence,R(x) 6= y for anyx,y ∈

Hm
+ . In particular, there holds

−∆yΦ(R(x) − y) = 0

in the classical sense. In addition, forx ∈ Hm
+ andy ∈ ∂Hm

+ , where

∂Hm
+ = {x ∈ Rm : xm = 0},

we have that|R(x) − y| = |x − y|, and thus,

ϕx(y) = Φ(R(x) − y) = Φ(x − y).

Therefore, (3.43)–(3.44) are satisfied.
Let us consider the Laplace equation onHm

+ with Dirichlet boundary conditions:

−∆u = 0 in Hm
+ (3.47)

u = g on∂Hm
+ , (3.48)

for some given boundary datag. Then, using (3.38), the solution is given by

u(x) = −

∫

∂Hm
+

(∇yG
x(y) · n)g(y) dsy. (3.49)

On∂Hm
+ , the normal outward vector is

n = [0, . . . , 0,−1]⊤ ∈ Rm.

Therefore, it follows that

u(x) =

∫

∂Hm
+

∂Gx

∂ym
(y)g(y) dsy.

Recalling (3.41), there holds

∂Gx

∂ym
(y) =

∂

∂ym
(Φ(x − y) − Φ(R(x) − y)) = −

1

mVm,1

(
ym − xm

|y − x|
−

ym + xm

|y − R(x)|

)
.

Then, becausey ∈ ∂Hm
+ , we have that

∂Gx

∂ym
(y) = −

1

mVm,1

(
ym − xm

|y − x|
−
ym + xm

|y − x|

)
=

1

mVm,1

2xm

|y − x|
.

Inserting this into (3.49), we obtain thePoisson formula for the half space:

u(x) =
2xm

mVm,1

∫

∂Hm
+

g(y)

|y − x|m
dsy, (3.50)

for the solution of (3.47)–(3.48).
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Remark 3.51

1. For boundary datag ∈ C0(∂Hm
+ ) and bounded, we see that the solution of (3.47)–(3.48)

is inC∞(Hm
+ ).

2. Notice thatHm
+ is unbounded, and thus, Theorem 3.46 needs to be checked carefully for

the half space; cf. Exercise 3.7.

Green Function for the Sphere

In order to find the Green function for the Poisson problem onBr(x0) with Dirichlet bound-
ary conditions, we proceed similarly as in the previous example. Let us first consider the unit
sphereB1(0). The boundary corrector functionϕx is, as before, expressed in terms of the fun-
damental solutionΦ. The singularity is again removed by means of a suitable transformation.
More precisely, we define the followinginversionabout the surface of the the unit ball:

I : B1(0) \ 0 → Rm \B1(0), I(x) =
1

|x|2
x.

Then, we let
ϕx(y) = Φ((y − I(x))|x|).

Differentiation shows that the above function satisfies (3.43). Furthermore, fory ∈ ∂B1(0),
i.e., |y| = 1, there holds

∣∣(y − I(x))|x|
∣∣ = |x|

∣∣∣∣y −
1

|x|2
x

∣∣∣∣ = |x|

√
|y|2 −

2x · y

|x|2
+

1

|x|2
= |x|

√
1 −

2x · y

|x|2
+

1

|x|2

=
√

|x|2 − 2x · y + 1 =
√

|x|2 − 2x · y + |y|2 =
√

(x − y) · (x − y)

= |x − y|.

Therefore,
ϕx(y) = Φ(x − y) ∀y ∈ ∂B1(0).

Consider the homogeneous problem

−∆u = 0 in B1(0) (3.52)

u = g on∂B1(0). (3.53)

Then, applying (3.38), leads to the solution formula

u(x) = −

∫

∂B1(0)
(∇yG

x(y) · n)g(y) dsy,

with
Gx(y) = Φ(x − y) − Φ((y − I(x))|x|).
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Noticing thatn = y on∂B1(0), we obtain

u(x) = −

∫

∂B1(0)
(∇yG

x(y) · y)g(y) dsy.

A few calculations show that

∇yG
x(y) · y = −

1

Vm,1

1 − |x|2

|x − y|m

for y ∈ ∂B1(0). Hence,

u(x) =
1 − |x|2

mVm,1

∫

∂B1(0)

g(y)

|x − y|m
dsy, (3.54)

which is thePoisson formulafor the unit sphere.
In order to find a solution formula for (3.52)–(3.53) on the general sphereBr(x0), we apply

ascaling argument. To this end, define an affine mapping

F : B1(0) → Br(x0), x̂ 7→ x = rx̂ + x0.

Furthermore, let
û(x̂) = u(F (x̂)) = u(rx̂ + x0).

Then, there holds

−∆bxû = 0 in B1(0)

û(x̂) = g(F (x̂)) on∂B1(0),

i.e., formula (3.54) is applicable. There holds

u(x) = u(F (x̂)) = û(x̂) =
1 − |x̂|2

mVm,1

∫

∂B1(0)

g(F (ŷ))

|x̂ − ŷ|m
dsby

=
1 −

∣∣x−x0
r

∣∣2

mVm,1

∫

∂B1(0)

g(F (ŷ))∣∣x−x0
r − ŷ

∣∣m dsby.

Using the variable transform

y = F (ŷ), dsy = rm−1 dsby,

leads to the solution

u(x) =
r2 − |x − x0|

2

rmVm,1

∫

∂Br(x0)

g(y)

|x − y|m
dsy

of (3.33)–(3.34) forΩ = Br(x0).
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3.4 Harmonic Functions

In this section we will study functionsu ∈ C2(Ω), whereΩ ⊆ Rm is an open domain, that
satisfy the Laplace equation

−∆u = 0 onΩ.

These functions are calledharmonicon Ω. We shall discuss some of their (many) interesting
properties in the following.

3.4.1 Mean Value Properties

Given a harmonic functionu on an open domainΩ ⊆ Rm, let us consider a ballBr(x) ⊂ Ω
(such thatBr(x) ⊂ Ω) with radiusr > 0 and centerx ∈ Ω. Then, using (3.54) (withx = x0),
there holds

u(x) =
r

mVm,1

∫

∂Br(x)

u(y)

|x − y|m
dsy.

Furthermore, noticing that|x − y| = r for all y ∈ ∂Br(x), leads to

u(x) =
1

mVm,1rm−1

∫

∂Br(x)
u(y) dsy = −

∫

∂Br(x)
u(y) dsy.

Here, we use the symbol−
∫

to denote the average integral over the corresponding domain. The

above equality shows that the value of a harmonic function atsome pointx is the average of the
function over the surface of a ballBr(x) with arbitrary radiusr > 0 (provided thatBr(x) ⊂ Ω).
More precisely there holds:

Proposition 3.55 LetΩ be open andu ∈ C2(Ω) harmonic. Then, for allx ∈ Ω andr > 0 such
thatBr(x) ⊂ Ω, there holds

u(x) = −

∫

∂Br(x)
u(y) dsy. (3.56)

On the other hand, ifu ∈ C2(Ω) satisfies the above equality(3.56) for all balls Br(x) ⊂ Ω,
thenu is harmonic inΩ.

Proof: It remains to prove that (3.56) implies thatu is harmonic. This shall be done by
contradiction. Suppose that∆u(x0) 6= 0 at some pointx0 in Ω. Then, becauseu ∈ C2(Ω) (and
hence∆u ∈ C0(Ω)), there existsε > 0 such that∆u > 0 or ∆u < 0 onBε(x0) ⊂ Ω. Without
loss of generality, let us suppose that∆u > 0 onBε(x0). Then, by assumption, there holds

u(x0) = −

∫

∂Br(x0)
u(y) dsy

for all r ∈ (0, ε). Due to the fact that the left-hand side of the above equalityis independent
of r, we have

0 =
∂

∂r
−

∫

∂Br(x0)
u(y) dsy =

∂

∂r

(
1

mVm,1rm−1

∫

∂Br(x0)
u(y) dsy

)
.
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In order to calculate the above derivative, it is convenientto use the following change of variables
to the surface of the unit sphere∂B1(0) ⊂ Rm:

y = rŷ + x, dsy = rm−1 dsby.

This yields

0 =
∂

∂r

(
1

mVm,1

∫

∂B1(0)
u(rŷ + x) dsby

)
=

1

mVm,1

∫

∂B1(0)
∇byu(rŷ + x) · ŷ dsby.

Transforming back to∂Br(x0), result in

0 =
1

mVm,1rm−1

∫

∂Br(x0)
∇yu(y) ·

y − x0

r
dsy.

Noticing thaty−x0

r = n on∂Br(x0) and applying Green’s formula (1.4), we obtain

0 =
1

mVm,1rm−1

∫

∂Br(x0)
∇yu(y) · n dsy =

1

mVm,1rm−1

∫

∂Br(x0)
∆u(y) dy.

This, however, is a contradiction to the fact that∆u > 0 on∂Br(x0). �

Remark 3.57 The equality (3.56) involves an average integral over the surface of some
ball ∂Br(x). Incidentally, this integral can be replaced with an average integral over the whole
ballBr(x), i.e.,

u(x) = −

∫

Br(x)
u(y) dy;

see Exercise 3.9.

Let us investigate the gradient of a harmonic functionu ∈ C2(Ω) onΩ. To this end, we com-
pute, for i = 1, 2, . . . ,m, the first-order partial derivative ofu in the ith coordinate direction.
Using Proposition 3.55, there holds

∂u

∂xi
(x0) = −

∫

∂Br(x0)
uxi

(y) dsy,

wherex0 ∈ Ω andr > 0 such thatBr(x0) ⊂ Ω. Then, defining the vector functionv =
(v1, v2, . . . , vm) by

vj(y) =

{
u(y) if j = i

0 otherwise
, y ∈ Br(x0),

there holdsuxi
= divv. Hence, using the Green formula (1.4), yields

∂u

∂xi
(x0) =

1

Vm,r

∫

Br(x0)
divv(y) dy =

1

Vm,r

∫

∂Br(x0)
v(y) · n dsy

=
1

Vm,r

∫

∂Br(x0)
u(y)ni dsy,
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wheren = (n1, n2, . . . , nm)⊤ ∈ Rm is the unit outward vector on∂Br(x0). Moreover,

∂u

∂xi
(x0) =

1

Vm,1rm

∫

∂Br(x0)
u(y)ni dsy =

m

r
−

∫

∂Br(x0)
u(y)ni dsy,

and thus,

∇u(x0) =
m

r
−

∫

∂Br(x0)
u(y)n dsy. (3.58)

3.4.2 Regularity Estimates

Let Ω ⊂ Rm be open and bounded, andu ∈ C2(Ω) a harmonic function onΩ. Now, for
arbitraryx0 ∈ Ω, chooser > 0 such thatBr(x0) is the largest (closed) sphere with centerx0

that is contained inΩ, i.e.,

r = sup
{
ρ > 0 : Bρ(x0) ⊂ Ω

}
.

Then, the equality from (3.58) implies that

|∇u(x0)| ≤
m

dist(x0, ∂Ω)
−

∫

∂Br(x0)
|u(y)|dsy,

where
dist(x0, ∂Ω) = inf

y∈∂Ω
|x0 − y|

is the shortest distance fromx0 to the boundary ofΩ. Therefore,

|∇u(x0)| ≤
m

dist(x0, ∂Ω)
sup
x∈Ω

|u(x)|.

This is a regularity estimate. It provides a certain controlfor the gradient of a harmonic function.
More generally, there holds:

Theorem 3.59 Let Ω be bounded and open, andu ∈ C2(Ω) harmonic onΩ. Then, for any
multi-indexα ∈ Nm andx0, we have

|Dα(x0)| ≤

(
m|α|

dist(x0, ∂Ω)

)|α|

sup
x∈Ω

|u(y)|.

Furthermore, there holds theLiouville Theorem:

Theorem 3.60 Letu : Rm → R be harmonic andbounded. Then,u is constant.

Proof: Let x0 ∈ Rm andr > 0. Then, with (3.58), there holds

|∇u(x0)| ≤
m

r
−

∫

∂Br(x0)
|u(y)|dsy ≤

m

r
sup

y∈∂Br(x0)
|u(y)|

r→∞
−→ 0.

Hence,∇u(x0) = 0 for anyx0 ∈ Rm. Consequently,u is constant. �
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3.4.3 Maximum Principle

A further very important property is the fact that harmonic functions on a bounded domainΩ
take their maximum and minimum values on the boundary∂Ω. This is called themaximum
principle.

Theorem 3.61 LetΩ ⊂ Rm be open and bounded. Consider a harmonic functionu ∈ C2(Ω)∩
C0(Ω).

a) Then,max
x∈Ω u(x) = maxx∈∂Ω u(x).

b) If Ω is connected and there existsx0 ∈ Ω with u(x0) = max
x∈Ω u(x), thenu is constant

in Ω.

Proof: Note that b) implies a), and hence, we shall only show b). Suppose that there ex-
istsx0 ∈ Ω such thatu(x0) = max

x∈Ω u(x). Denote this maximum byu. Moreover, define
the set

X = {y ∈ X : u(y) = u}.

This set is open. In fact, forx0 ∈ X, considerr > 0 with Br(x0) ⊂ Ω. Then, applying
Remark 3.57, there holds

u = u(x0) = −

∫

Br(x0)
u(y) dy.

Note that this equality can only hold true ifu = u onBr(x0). Therefore,Br(x0) ⊂ X, and
hence,X is open.

In addition, we have thatΩ ∩ X ⊆ X: It is clear thatΩ ∩ X ⊆ X. Let us considery ∈
(Ω∩X)\(Ω∩X), and a sequence{yj}j≥0 ⊂ Ω∩X that converges toy. Then, since{yj}j≥0 ⊂
Ω ∩X, we have thatu(yj) = u for all j ≥ 0. Moreover, due to the continuity ofu, it follows
thatu(y) = u(limj→∞ yj) = limj→∞ u(yj) = u, i.e.,y ∈ X. Consequently,Ω ∩ X ⊆ X,
and, in fact,Ω ∩X = X.

Now, sinceX ⊂ Ω is open,Ω ∩X is open also. This, however, is only possible ifX = Ω. �

Remark 3.62 Replacinguwith−u (which is harmonic if and only ifu is harmonic) in the above
Theorem 3.61, we see that all the ’max’ can be exchanged with ’min’ (’minimum principle’).

One important application of maximum principles is the proof of uniqueness of a correspond-
ing PDE problem (alternatively to, for example, energy methods). Let us consider the Poisson
problem (2.1)–(2.2). Suppose that there are two solutionsu1, u2 ∈ C2(Ω), and letw = u1−u2.
Then,w is harmonic andw = 0 on∂Ω. Therefore, using Theorem 3.61, we see that

max
x∈Ω

w(x) = max
x∈∂Ω

w(x) = 0.

In the same way, recalling Remark 3.62, we have

min
x∈Ω

w(x) = min
x∈∂Ω

w(x) = 0.

Hence,w ≡ 0 onΩ, i.e.,u1 ≡ u2.
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3.5 Exercises

3.1. Prove (3.18).

3.2. Example 3.17 shows that the fundamental solution of theLaplace equation from Defini-
tion 3.27 satisfies (3.24) form = 2. Prove that it also holds true form ≥ 3.

3.3. Given an open bounded domainΩ ⊂ Rm. Prove that

∫

Ω
|Φ(x)|dx

exists and find an upper bound. Here,Φ is the fundamental solution of the Laplace equa-
tion from (3.24). Show thatΦ is not integrable overRm.

3.4. Prove the symmetry of the Green functionGx from Definition 3.42; cf. Remark 3.45.

3.5. Find the Green function for the Poisson problem with Dirichlet boundary conditions in

a) the quadrantQ = (0,∞)2 ∈ R2;

b) the spherical shell{x ∈ Rm : α < |x| < β}, where0 < α < β are constants.
What happens forβ → ∞?

3.6. In an open domainΩ ⊂ Rm consider the Poisson problem withNeumannboundary con-
ditions:

−∆u = f in Ω (3.63)

∂u

∂n
= g on∂Ω. (3.64)

Here, ∂u
∂n

≡ ∇u · n, wheren is the unit outward vector on∂Ω.

a) Show that a necessary condition for the above boundary value problem (3.63)–(3.64)
to have a solution is ∫

Ω
f(x) dx +

∫

∂Ω
g(x) ds = 0.

b) Show that two solutions of (3.63)–(3.64) differ by a constant. Hence, prove that
imposing the additional condition

∫
∂Ω u(x) dx = 0 on the solutionu guarantees its

uniqueness.

c) Let Gx(y) = Φ(x − y) − ϕx(y) be the Green function for (3.63)–(3.64). Find
a suitable PDE formulation (including boundary conditions) for the corrector func-
tion ϕx(y) and give a formula for the solutionu in terms ofGx (and the data).

3.7. Prove Theorem 3.46 for the half space solution given in (3.50).
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3.8. Form ≥ 3 and sufficiently smooth functionsf, g, consider the PDE problem

−∆u = f in B1(0)

u = g on∂B1(0).

Prove that there exists a constantC > 0, depending only onm, such that

sup
B1(0)

|u| ≤ C

(
sup

∂B1(0)
|g| + sup

B1(0)
|f |

)
.

3.9. Prove Remark 3.57.

3.10. Consider an open, bounded domainΩ ⊂ Rm, with smooth boundary∂Ω. Moreover, let
BR(x0) be the smallest ball that containsΩ. Assumeu ∈ C2(Ω) ∩ C0(Ω) solves the
Poisson equation,

−∆u = 1 in Ω

u = g on∂Ω,

whereg is a smooth function.

a) Use the maximum principle to prove that

u(x) ≤
1

2m

(
R2 − |x − x0|

2
)

+ sup
x∈∂Ω

g(x).

Hint: Look at the functionv(x) = u(x)+α|x−x0|
2 for a suitable constantα ∈ R.

b) Letg ≡ 0. Use a) to show that

−

∫

Ω
|∇u(x)|2 dx ≤

R2

2m
.
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