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Introduction

In order to describe practical applications mathemagcallitable models are developed and
applied. For example, many mechanical processes (suchgassieple spring-mass systems)
are based on Newton’s law of motion: acceleration = appledex mass. In many cases, these
models can be expressed by means of differential equatogs ¢rdinary differential equations,
partial differential equation, or integral equations).r Fsstance, the position(¢) at timet of a
point of massn satisfies the ordinary differential equation

F(t) = mi(t),

whereF () is the applied force at time The solution is easily obtained by twofold integration,

x(t)://tjs(T)dT://tF(T)dT.

More generally, the solution of a differential equation deve different aspects (cf. also Fig-

ure[11):

e analytical solution: In some specific cases, it is possible to derive explicit tsmtufor-
mulas for differential equations. In general, this is, hearevery difficult or not possible
at all. For example, Lagrange showed that the (relativatyps) ordinary differential
equationzi(t) = x(t)? + t> does not have a solution that can be expressed in terms of
elementary functions.

e properties of solutionsEven if an explicit solution is not available, it is often gdse to
prove certain interesting properties about its behaviwml{iding existence and uniqueness
of solutions, local and global smoothness, location andader of singularities, mono-
tonicity, preservation of physical properties, etc.). Buesults are essential, for instance,
in the design and analysis of suitable numerical solutiothous.

e numerical solution: The design and investigation of numerical schemes for rdiffeal
eguations has become a major research area in science atetirBélds. Using math-
ematical tools, numerical methods can be tailored to sjpegifhblem classes and (also
due to increasing computer power) highly accurate resaltsle obtained. Numerical
schemes for differential equations which are often usegddding on the problem) in-
clude finite difference methods (FDM), finite volume meth@&gM), and finite element
methods (FEM). In addition, many more numerical solutiathteéques are available.
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Figure 1.1: Applications and partial differential equato

In this chapter we will review some important notation antirdgons, and consider a number
of examples of partial differential equations (PDE). Farthore, we will introduce PDE in their
general form, and will give some criteria for their classfion. In addition, the question of
well-posedness of a PDE problem will be addressed. Moreavershall briefly discuss the
so-called separation of variables approach, which is otleeoiany possibilities to obtain PDE
solutions.

1.1 Differential Operators

Letm € N, andQ2 C R™ an open set (calledomain). The boundary of2 will be denoted
by 0Q; cf. Figure[L:2. Then, fot < i < m and a (sufficiently) smooth function

u: Q—R, T = (11,22,...Tm) — u(x),
we define 5 ( hes) ()
U . ulx+ he;) —ulx
5, @) = finy n

to be thepartial derivativeof u with respect to the co-ordinate direction at « (provided that
the two-sided limit exists). Here, is theith unit vector inR™, given by

o) {1 =)
T o ifi4]

The partial derivative of ordey (or pth partial derivative) ofu, wherep € N with p > 2, in the
x;-direction is then defined iteratively by

ou_ o (o
8;1?? 0x; 8:6?_1 '



1.1 DIFFERENTIAL OPERATORS

o0 R™

Figure 1.2: Domain2.

Furthermore, it is possible to consider partial derivativie several co-ordinate directions. To
this end, letoe = (i1, 2, ...,i,) € NJ' := (NU {0})™, be amulti-index its order is given by
o] = a1 + ag + -+ - + . Then, the partial derivative af corresponding tex is defined by
Hled
D%u = z—uz
Oxi' -... - Oxmy
Furthermore, fop € Ny, we introduce the set
DPu = {D%u : |a| = p}.
The set of first order derivatived!« is simply denoted byw.

Example 1.1 Form = 3 anda = (2,0, 3), the partial derivative corresponding ¢ois given
by

Pu
Ox30x3

Consider, for exampley(x1, z2, v3) = T122 + 2*12i. Then,

D%y =

o* (0 221 A4 0? 2 2
Doy = > (L. m128) ) = (2421 25) = 962 3.
u o2 <8x§ (122 + € x3)> o7 (24”1 x3) ey,

We note that, for vector-valued functions,
u: R™ — R", (1, .y xm) —u(x) = (u1(x),. .., up(x)), (1.2)

wherem, n € N, the above definitions are to be understood component-wise.
For a function as in[{1]12), we shall consider three importhfierential operators that often
appear in the context of PDE. First, the so-catjealdientof « is defined as the following matrix:

(0w Ou Oui ]
0x1 Oxo ~~ Oxpy,
Quy  Ouy Ouz
gradu=Vu= |9z, dzy = Oz
Oup Oy, Dt
L 81‘1 81‘2 o 8.I‘m_
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This matrix is often referred to as tlkacobian matrixof w. Forn = 1, the gradient is a row
vector,

Gu_ |00 Ou o
Oz Oy Oy |
Moreover, thd_aplacian(or Laplace operatorof w is given by
= 9%
Au = 8:622

Finally, for m = n, thedivergenceof u is

divu =V - u—zgzl

Forn = 1, we note that there holds

(1.3)

div(Vu) :ia(am) i

Furthermore, for a scalar functiom : 2 — R and a vector-valued function : Q) — R™,
there hold€Green’s formula

Q3
@1\3

/Vu x)dx = /89 u(x)(v(z) -n(x))dsg — /Qu(a:)divv(ac) de, (1.4)

wheren(x) is the unit normal outward vector @i atx; cf. FigureCL.2. Here, we assume tliat
has a Lipschitz boundzﬂyand thatu, v are sufficiently smooth, so that the above integrals are
well-defined. The identity[{1l4) is an integration by pamsniula in higher dimensions and
constitutes one of the key tools in the analysis of PDE.

1.2 Examples of PDEs

We will now briefly consider a (very incomplete) list of wedirown PDESs.

a) Transport/Advection EquationConsider a domaif? C R™ (e.g., an ocean, lake, river,
pipe, etc.), and a function = u(x,t) depending onc € Q and timet > 0 (e.g., a
concentration). Furthermore, ldt= b(x, t) be a given velocity field (e.g., a current) and
f = f(=x,t) be a source or sink function. Then, the transport/adveagpmtion is given
by

0
Sy t) = blw,t) Vule,t) + f(z,t)

change in time= transported material- external source/sink

lWe say thaf has a Lipschitz boundary #Q can be parametrized locally by a Lipschitz continuous fiamct
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b) Heat equation:Consider a source/sink = f(x,t) and an unknown function = u(x,t)

(e.g., temperature) in a domaih Then, the heat equation is

)
o t) = Due, ) + f(w,t).

¢) Wave equationConsider, for example, a membrafieand a external forc¢ = f(x,t).

Then, the displacement = u(x,t) of the membrane under the effect of the forte
satisfies the wave equation,

2
@u(a:,t) = Au(z,t) + f(z,1).

Note that the heat equation and the wave differ just by onwatere oft. Nevertheless,

the solution behavior of the two PDEs is completely differdror example, we shall see
that the heat equation is dissipative (i.e. losing energy=f 0) while the wave equation

is energy preserving (if = 0).

d) Poisson equationSuppose that we consider a heat process that has been goiagaon

very long time and has become stationary. Mathematicdilg, neans that the solution
does not change in time, i.% = 0. Recalling the heat equation (1125), we thus obtain
Poisson’s equation,

—Au(zx) = f(x). (1.5)
e) First-order conservation lawsThese are PDEs for an unknown function= u(x,t) of
the form 3
a—i‘ + dive F(u) = 0,

whereF' is a given vector-valued (typically nonlinear) function.

f) Examples of systems of PDEs:

i) Linearized elasticity:
—pAu — (p+ A)V(divu) = f

u = (vector-valued) displacement function
f = external force
1, A = material coefficients.

ii) (Incompressible) Navier-Stokes equations:

ur—Au+u-Vu+Vp=§f

divu = 0.

u = flow field,
p = pressure function.
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1.3 Function Spaces

In order to classify functions according to their smootlsege introduce a number of classical
function spaces. Again, I€t be an open set iR™. For simplicity, we restrict ourselves to scalar
functionsu : 2 — R; the definitions for vector-valued functions are analogous

1.3.1 Classical Spaces

By C%(Q2) we denote the space of all continuous functiongXorfrurthermore, fok € N,
CH(Q) = {u: Q — R : D™ exists and is continuous for al € NJ* with 0 < |a| < k}
signifies the space of alttimes continuously differentiable functions &n Moreover, consider

CH(Q) = {u: C*(Q2) : D*u is uniformly continuous on bounded subset$of
forall & € Nij* with 0 < || < k},

i.e., functions inC*(Q) extend continuously to the boundary @f(wherever it exists). In addi-
tion, for k € Ny, we introduce the following norm o@*(92):

[uller @y Z Z sup [D%u(z

i—0 aENm xe

le|=

Moreover, we leC>(€2) be the space of functions for which all partial derivativésuway order
exist and are continuous:

C®Q)={u: Q—=R:uecCFQ)forall k € Np}.

In many situations, it is interesting to consider functievith compact support. More precisely,
for any of the function spaces above, we let

Ck(Q) = {u € C*(Q) : there exists a compact skf C Q such that, = 0onQ\ M}.

Furthermore, for a bounded domd let us denote the subspace of all function€fi(Q) that
are zero along the boundady by C% ().

1.3.2 LP-Spaces

In addition to the above classical spaces, we consider #mefuclass of function spaces which
appear often int he context of PDEs. Let us definelfer p < oo, the so-called.”-norm on¢2

full o= ( [ fut@)a) "

Then, the correspondinfg?-spaces are defined by

LP(Q) = {v: ||v|lp,o < oo} (1.6)

10
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We remark that the precise definition of thé-norms and spaces is based on Lebesgue integra-
tion. In this way, highly nonsmooth functions are integeahd may thereby be elements of the
LP-spaces. For instance, the function

e (0.1) = {01}, x(m)z{o Tred

1 otherwise’

is not classically integrable (in the sense of Riemann nat@&en), however, the Lebesgue integral

1
| x@raz =1
0

exists, and hencey € LP((0,1)) forall 1 < p < oc.
We point out the following important properties.

Proposition 1.7 Consider an open bounded domain Moreover, lep € [1,00). Then,||-||,, o
is indeed a norm. In particular, there holds Minkowski’'sgunelity (or triangle inequality),

Ju+vll, o <llull, o +lvl,q

for all u,v € LP(€2). Moreover, consideg € [1, co) with

Then, Hblder’s inequality,

/Q u(@)o(@)| dz < Jull, o 0], 0. (1.8)

is satisfied for any functions € LP(2) andv € L%(2). In particular, foru € LP(Q2), v €
L77(Q), we finduv € LY(Q).

Defining the integral product of two functions by
(u,v)g = / uv de, (1.9)
Q

there holdg(u, u) = HuH;Q for anyu € L?(2). Furthermore, applyind{1.8) with = ¢ = 2,
we obtain
[, 0)] < lullyq vl Vu,v € L¥(Q).

Thus, Holders inequality fgp = ¢ = 2 can also be interpreted as a Cauchy-Schwarz inequality
for the product[[119).

Moreover, functions inL? can be approximated by smooth functions (in the correspondi
norm); see also Exerci§e1.4.

11



1 INTRODUCTION

Proposition 1.10 The space’§°(Q2) is dense inLP(Q2) for anyp € [1,00), i.e., for anye > 0
andy € LP(Q2), there existg € C3°(€2) such that

[ = ell, 0 <e

An interesting consequence of the above result is, for ex@ripe following:

Corollary 1.11 Consider a functiorf € L?(£2) which fulfills

/ fode =0 Vo e C5°(Q). (1.12)
Q
Then, there holdg = 0.

Proof: Recalling Propositiof 10, we can fifde C5°(Q) such thatHf — ﬂ‘m < ¢ for

anye > 0. Hence,
0. ~ =
/Qf dw-/ﬁffdac—i—/ﬂf(f f)de.

Furthermore, usind(1.12), it follows that

/Qf2dw=/9f(f—f)dw~

Hence, with Holder’s inequality, we have

110 = | Faz <flhor =71,

and therefore,
e—0
1l < |7 - 7], , <= =0,

Thus, || f|l5.q = 0. This implies thatf = 0. O
For functions which are zero along (at least parts of) thendany 9X2 of (2, there holds the
following result:

Proposition 1.13 Consider an open bounded dom&inC R with a Lipschitz boundarE, and
a functionu € C'(Q2). Moreover, assume that there exists a subset 92 of the boundary of?,
with fr ds > 0, such that, = 0 onT'. Then, there holds thRoincaré-Friedrichgequality

[ullz.q < CarlVulllyq (1.14)

whereCq r > 0 is a constant that depends only GrandT’; in particular, Cq r is independent
of u.

2The boundary of a domain is called Lipschitz, if it can be paetrized by a Lipschitz continuous function.

12



1.3 FUNCTION SPACES

The above result is a special case of the first Poincar@hicles inequality. In fact, it holds
for all p € [1,00) and is not limited top = 2. Furthermore, it is applicable to more general
classes of functions. We note, however, that it does not foolfiinctions which are nonzero on
all of the boundary of?; the constant functiom = 1 illustrates this, for example. The second
Poincaré-Friedrichs inequality refers to functions witro-average of2. More precisely, for a
functionu € C*(Q2) with [, udaz = 0, the bound[(I114) holds also true (with a different constant
Cq); cf. Exercisd_Lb.

Proof: [Proposition”I.IB] We shall only prove the above result fa bne-dimensional case,
i.e.Q = (a,b), a < b, is an open interval itR.

Without loss of generality, we assume thgin) =
7 € [a,b] be chosen such thai(7)| = supge(q ) [u(z

0 and thatu # 0. Furthermore, let
. Then, there holds

u(r)? :/ C% (u(a;)2) dz = 2/ u(x)u' (z) d. (1.15)
Moreover, we note that, for any real numbetsB, andé > 0, there holds the inequality
|AB| < 0 42 +Lp, (1.16)
-2 26 '

cf. Exercisd_ IB. Hence, selectilg = u(x), B = u/(z), andd = 2(7—1_[1) in (L.I8), [1.I5)
becomes

2 1 T 2 T2
gm/a u(x) dx—l—Z(T—a)/a u'(z)” dz

ﬁ/;u(r)zdx—l—%b—a) /aTu’(defv

b
< %u(r)z +2(b—a) /a o' (2)? d.

u(7)

<

Subtracting%u(r)2 on either side of the above inequality, and multiplying bye&ults in
b 2
u(r)? < 4(b— a)/ o (2)? dz = 4(b — a) Hu’”2 R

a

Therefore, there holds

b
ull2 g = / u(@de < (b — ayu(r)” <40 —a)* [/ |2, -

This completes the proof. d
An interesting question is whether the Poincaré-Friddrimequality in Propositiof .13
holds also in the reverse direction. More precisely, iséteeconstan€, > 0 such that

7T~
[u'l2,0 < Callull2,0 (1.17)

13
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for all u € C1(92)? It can be seen quite easily that this is only true on finiteetisional spaces
(note thatC!(Q) is infinitely-dimensional); cf. Exercide_1.6. For examptesan be proved that
there exists a constang, > 0 such that

¢l < Car?llalee Vg € Pr(), (1.18)

whereP, (Q) = {g(z) =3I _jaiz’: a; €R,i=0,1,...,r} is the space of all polynomials
of maximal degreg on a bounded open interv@l C R. Results of this form are important, for
example, in the analysis of high-order finite element mettfodthe numerical solution of PDE.

1.4 PDE in General Form and Classification

A partial differential equation (PDE) is an equation thaeigressed in terms of an unknown
function (of two or more variables) and some of its partialivigives. The following definition
introduces PDE in a very general form. More specific typesERvill be discussed later on in
this section.

Definition 1.19 LetQ) C R be an open domain, ande N. Then, a (scalarpartial differential
equation (PDE) of ordew on €2, in general form, is given by

F(u,x) =0, (1.20)
whereu : Q — R is theunknown and
F(u,z) = ®(DPu,DP lu,...,D%u, Du, u, ). (1.21)

Here, ® is a (possibly nonlinear) function that dependswand (at least some) of its partial
derivatives up to and including order, and the variablex. Similarly, systems of PDEs are
defined in terms of vector-valued quantitesnd ®.

The above definition is very general. In many cases, howB\@E have a quite specific form.
This is important in practice, since the type of a PDE oftesvjgles some important information
on its solution behavior.

Definition 1.22 A partial differential equatior20)is

e fully nonlinearif (at least some of) the highest order (partial) derivagwe (i.e. deriva-
tives of orderp) occur in a nonlinear form in the functio® from (T.21)

e quasilinearif the highest order derivatives afoccur only linearly (with coefficients that
may depend on lower order derivativesuofind onz) in ® from (.Z1) i.e. the PDE is of
the form

Z ae(DP Y, ..., D%u, Du, u, z)D%u + &)(Dp_lu, ...,D?%u, Du, u, z) = 0;

aENgl

la|=p

14



1.4 PDE IN GENERAL FORM AND CLASSIFICATION

e semilinearif the highest order derivatives af occur only linearly (with coefficients that
only depend o) in ® from (T.21) i.e. the PDE is of the form

Z aa(w)Dau + (/I;(Dp_lu, e D2u, Du, u, m) =0;
aeN6"
|a|=p

e linearif ® in (LZ1)depends linearly on all but the last (i.2) of its arguments, i.e. the
PDE is of the form
D aa(®)D*u = f(z).

m
aENO

la|<p
Here, &, & and f are suitable functions.

Example 1.23 Consider a domaif C R™.

1. The level set type equation
[Vu(z)| = f(z),

where| - | is the usual Euclidean norm, for an unknown function Q2 — R and a given
function f : Q — R is an example of a first-order fully nonlinear equation.

2. Lletd: Ry xQ —=R,c:RxQ — Randf: Q2 — R be sufficiently smooth functions.
Then, the PDE given by

—div (d(|Vul|, x)Vu) + c(u, ) = f, (1.24)

describes, for example, a diffusion-reaction type proa#san unknown density or con-
centrationu : €2 — R; here,d andc are the diffusion and reaction coefficients, respec-
tively, and f is an external source.

If d depends onVu| then [I.24) is a quasilinear second order PDE. dardependent
of |Vul, i.e. d = d(zx), (LZ4) is semilinear (provided thatis nonlinear inu). If, in
addition,c is linear with respect ta, then the PDE is linear. In particular,dfz) = 1 and
c = 0, then [I.2H) is the Poisson equatibnl1.5).

3. Time-dependent problems can be cast into the forml(1.20Jdntifying the time vari-
ablet by an addition variable;,, ;. For example, the linear heat equation

ou

or the linear wave equation
Pu_ py— f (1.26)
ot? - '

are second order linear PDE for an unknown functios= u(x,t) : Qr — R, on the
spatial domairf2 and the time interval0,7), T' > 0. Here,Q7 = Q x (0, 7).

15
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4. Definition[IIP can be extended naturally to systems of BixEvector-valued functions.
As an example, we consider the Stokes equations for lineampressible fluid flow,
—Au+Vp=f
divu = 0.

This is a second order linear system of two PDE for two unkn@wnetionsw : 2 — R™
(flow vector field) andg : 2 — R (pressure).

&

We shall now discuss some further classification for linestial differential equations. For
simplicity, we focus only on scalar second order PDE. Theylmwritten as

Z arzaxj u(@) + Z bi(m)axi“(m) + c(z)u(x) = f(z), (1.27)

: =1

where{a;;(x)}i ;, {bi(z)}; andc(z) are coefficients, and : Q@ — R is a given function. In
order to classify this PDE, we define the so-calethciple partof (L.Z1) by

P(u)(z) = — Z azg(m)mu(m)

i,j=1
Then, for a given poink, € €2, we introduce the following quadratic form @&i":

m

Qmo : R™ — R> Qmo(gbg%"' 7£m = Z m0 525]

Writing this in matrix-vector form, we obtain

Qa:o (517 527 s 7£m) = —£TA($0)€,

where
€ - [617627 e 7€m]—r7

and

aii(xo) a2(xo) -+ aim(mo)

as1(x ago(x I D

Alg) = 21(. 0) 22(- 0) | 2 ( 0) ' (1.28)

aml(mO) amQ(mO) ce amm(mO)

Note that, for sufficiently smooth, there holds
2 2
0u 0% L <ij<m

al‘ial‘j N al‘jal‘i’

Thus, we will always suppose that the matAxx, ) is symmetric Consequently, its eigenvalues
are real. The type of the PDE{1]27) will now be defined in delpene on these eigenvalues.
More precisely, we have the following definition.

16



1.4 PDE IN GENERAL FORM AND CLASSIFICATION

Definition 1.29 If A(x) in (I.2Z8)is

e strictly definite, i.e. all of its eigenvalues have the saige and are nonzero, the.21)
is calledelliptic at x;

e singular such that there exists one zero eigenvalue andhalbther eigenvalues have the
same sign, and

rank | A(xg), [b1(xo), - .. ,bm(ar:o)]T] =m,
then(21)is calledparabolicat x;

e indefinite such that all but one of its eigenvalues have thmesaign and one has the
opposite sign (and are nonzero), th@nZ1)is calledhyperbolicat x.

Let us illustrate the above definition in the following exde®

Example 1.30

1. For the Poisson equation {IL.5), the matdxin (I.Z8) is, for any pointey, the identity
matrix in R™>*™_ This implies that all eigenvalues are 1, and herice] (1.&8l)ific.

2. The heat equatiof (II?5) is an example of a parabolic eouah fact, identifyingt with
an additionak-variable,z,,+1 = t, we see that

1

A= c R(m+1)><(m+1)’

0

for anyxo, and A has one zero eigenvalue. Moreover= [0,...,0,—1]T. This implies
thatrank[A,b] = m + 1.

3. Forthe wave equatiof (1]26), we proceed in a similar wdgrdseat equation, and obtain

1

A= e R(m—i—l)x(m-‘rl).

Wee see that this PDE is hyperbolic.

17
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1.5 Well-Posedness

Partial differential equations typically appear in condiion with additional conditions. Most
often they are necessary in order to guarantee, for exartii@ajniqueness of a solution of the
corresponding problem. For instance, the equation

—Au(x) + u(x) =1, (1.31)
on the unit squar€ = [0, 1]> C R?, does not have a unique solution. Indeed,

1
u(zy,x2) =1+ aevs@1te2)

solves the problem for any constant R. By prescribing, however, the solution of the problem
on the boundaryX?, the problem becomes uniquely solvable. For example, imgos

u(z) =1 onof?, (1.32)

leads to a unique solution df(1]31), givendie) = 1. Conditions of the form{1.32) are called
Dirichlet boundary conditionsAlternatively, a so-calletNeumann boundary conditiarould be
given,

Vu(x) -n(x) =0 onoq,

wheren is the unit outward vector o6(2. Again, this implies a unique solutianx) = 1 (we
emphasize, however, that posing Neumann conditions ddaedways lead to unique solutions).

For time-dependent problems, the uniqueness of the soluéquires, in addition to the
boundary conditions (BC), one or more so-calleiial conditions (IC) Such conditions pre-
scribe, for example, the solution of the PDE (or some of itdigladerivatives) at a certain
initial time ty. For example, for the heat equation, in addition to a boundandition, an initial
condition of the form

u(x,t =1to) = g(x) Vo € Q,

whereg is a given function, could be given. For the wave equationiclviis a second-order
problem with respect to time, a second initial conditiorg(eon the initial velocity%—?) is nec-
essary to ensure unique solutions.

The boundary and initial conditions, as well as further giirgormation (such as for example
the given functionf in LZ1)) are generally refereed to data The data is typically chosen
from a suitable data spac¥,.;., and the solution of the corresponding PDE is sought for in an
appropriate solution spac®,iution, Cf. FigureLLB. We suppose thalf.;,and X, are normed
spaces, i.e., equipped with some suitable normgy, .., and|| - || x, respectively.

lata solution ’

Definition 1.33 A PDE problem in the space®ata, Xsolution 1S Well-posedif all of the follow-
ing three conditions are satisfied:

1. for each dataF' € Xgj.1., there exists a solutiom € Xyution iN the given solution
spac e')C'solution ;

2. the solutionu € Xyution IS UNIQUE;
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1.5 WELL-POSEDNESS

[ Xdata - PDE - Xsoluti j
J (+ Bcuu ion
solution

Figure 1.3: Solution process of PDEs: from data space tdisalspace.

3. the solutionu € X .ution depends continuously on the data, i.e., for any given dat
X4ata, the corresponding unique solution satisfies steility bound

Hu”solution S C HF”data’ (134)
whereC > 0 is a constant independent of the ddfa
The following example is to illustrate this definition:

Example 1.35Let Q C R™ be bounded and open. We assume that the bourifargf Q2 is
split into two disjoint partd" p andl'y: 9 = T'p U T . Consider Poisson’s equation

—~Au=f inQ, (1.36)
with (homogeneous) Dirichlet boundary conditions,
u=0 onI'p, (2.37)
and (homogeneous) Neumann boundary conditions,
Vu-n=20 onl'y.

Here,f : 2 — Ris a given function (data), anad is the unit outward vector t62. We suppose
that the boundary of2 is smooth an(yFD ds > 0, and thatf belongs to the space

Xdata = CO (ﬁ)
Under these assumptions, the above problem has a uniqu®sadtuthe space
Xsolution = {U € C2(ﬁ) cu=00n PD};

this will be proved later. Here, we will focus on the stalilé@stimate[(1.34).
We equip the above spaces with the norms

0= ( [ rlar oloc)é ,

= (| |Vu<m>|2dm)%, (1.38)

and
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respectively; cf. Exercide_1.7. By definition, there holds
w2 = / Vu- Vuda.
Q

Integration by parts (Green’s formula{lL.4)), yields

Q

H\u|||2:/ u(Vu'n)ds—/uAuda::/ u(Vu'n)ds—F/ u(Vu-n)ds—/uAudm.
o0 Q I'p Iy

Noticing thatu = 0 onI'p andVu - n = 0 on['y, and that-Awu = f, we obtain

Jull? = / fuda.
Q

Applying Hblder’s inequality[(TI8) withp = ¢ = 2, results in

Jlull? S/QIfUIdw < [ fllg,0 llullg,q -
Furthermore, the Poincaré inequalify (1.14) implies that

lull* < Ca I £lla.q llull-

Dividing both sides of the above inequality ljy||, leads to

lull < Callfllz0- (1.39)

This yields [1.34), and hence, the problem is well-posetiécbrresponding spaces and norms.
In particular, the solution is bounded by the correspondiata. &

1.6 Separation of Variables and Fourier Series

For the solution of PDE, many different approaches exiswgyoseries, transformation tech-
niques, integral representations, numerical methods), eicthis section, we shall focus on the
so-calledseparation of variablesnethod, which constitutes a very popular and relativelylgas
accessible way to solve (certain) PDEs problems. The bdsiis to assume that the unknown
solution

u: R DO —R, T = (T1,22,...,Tm) — u(x)

of a PDE can be split inten (additive or multiplicative) parté/; : 2 — R, 1 < i < m, such
that each of them depends on only one of the variables, i.e.

u(x) = Ui(x1) + Us(x2) + ... + Up(Tm), (1.40)

or
u(ac) = Ul(l‘l)Ug(l‘Q) . Um(l‘m) (1.41)
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Example 1.42 Let us consider the heat equation in 1-D. We are looking faurectionu =
u(zx,t) : Q x (0,00) — R such that there holds

Up — Ugpge = 0 inQ=(0,1), (1.43)
with boundary conditions
u(0,t) =u(l,t) =0 vt >0, (1.44)
and initial condition
u(x,0) = sin(7x) Ve € Q= (0,1). (1.45)
82

Here,(-); and(-),, are used to meag and 5, respectively. In order to solve this problem,
we shall apply a separation of variables approach of the ), i.e.

u(z,t) = w(x)p(t), (1.46)
where the functions andy are to be found. Inserting (T146) infa(1143), results in

w(z)p(t) — w”(z)p(t) = 0,
where(-)’ and(-) denote the partial derivatives with respect:tandt, respectively. Hence, we

obtain
o) _ w'(x)
p(t)  w(x)
Note that the left-hand side of the above equation depenigsoont while the right-hand side
depends only or. Therefore, both sides must be constant, i.e. there exist® such that
p(t) _ w'(x)

p(t)  w(@)

From this, it follows that

=/ V(z,t) € (0,1) x (0, 00).

p(t) = Cet, (1.47)

and that
w(x) = D™ + Dye N,

for some suitable constants € R, and Dy, Dy, A € C, with \> = u. Furthermore, the
boundary conditiond{T.%4) far imply that

i.e.w fulfills the same boundary conditions likéx, t). Thus,
w(z) = Dsin(krz), (1.48)

for some constant® <€ R andk € N, i.e. D; = —Ds, A = ikm, andy = —k*x%. Combin-

ing (T.41)(1.2B), we obtain

u(zx,t) = 6e_k2”2tsin(k7rx),
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for some constant’ € R. Recalling the initial conditioni{Z.35), we have
u(x,0) = Csin(krz) = sin(rz),

and therefore”’ = 1 andk = 1. Thus,

—72t

u(z,t) =e sin(7x)

solves the probleni{T#3J=(1145). &

In many situations, a simple approach as[in(l1.41), for exeygoes not work, particularly
if the solution of a problem does not have a correspondinghfolrhe idea can, however, be
generalized quite easily. In fact, instead of writing théuson u(x) in (I.41) as a simple
product, we represent it as a sum of products of the form1.41

u(x) = Z Uk,1(x1)Ur2(22) ... Up m(2m), (1.49)
!

where the function§ U, ; }+.1<i<m are to be found. Often (but not always) in practice, some or
all of the Uy, ; are written in terms of trigonometric functions, i.e. thevs{@.49) is a Fourier
type series (or similar). We will illustrate this in the foling example.

Example 1.50 We consider again the heat equatibn {IL.43Xbe= (0,1). Here, however, the
boundary conditions are given by

w(0,t) = ug(L,t) =0 Yt >0, (1.51)

and the initial condition is prescribed by

u(z,0) = z(z — 1)% (1.52)
We write the solution as
u(zx,t) = ,;)Ck(t) sin (@x) . (1.53)

Although an alternative representation formula might lestthe solution of the problem, we note
that the above choice is particularly advantageous. Theorefor this is that, for: as in [L.5B),
both of the boundary conditions in{1]151) are satisfied for evefficients{cy (¢) }ren,, t > 0.

Inserting [1.5B) into the PDE{TLHK3), gives
o 2.2
Z (c'k(t) + %cﬁt)) sin <wg:> = 0.
k=0

Since this equation holds for anye (0, 1), it follows that

2,2
é(t) + %ck(t) ~0
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1.6 SEPARATION OF VARIABLES AND FOURIER SERIES

for anyk € Ny. Hence,
(2k+1)27r2t

Ck(t) = Cre™ 4 s

for suitable constant§Cy, }ren,, and therefore,
0 2 2 9 1
u(x,t) = kz_o C’ke_(QHi) tsin <Wm> . (1.54)

In order to find the coefficient§’,, we expand the initial conditiod (1.62) into a series of the
same form as i {1.53) (this is possible since the initiadition iscompatiblewith the boundary
conditions), i.e.

z(zx—1)% = i Dy, sin <Mw> , (1.55)

for some constant§Dy, } ey, . Then, combiningl{1.54) anf{1]55), leads to

ZC’ksm<2k+1) m)zu(az,O)—maj—l ZDksm( 2k + L)m x>

foranyz € (0,1), and thus,
Cr = Dy, Vk € Np. (156)

The coefficientsD;, in (IL5B) are calculated by multiplyin§{II55) bin ( @d)m ) and inte-
grating from 0 to 1. Formally, this yields

/01 z(x —1)?sin <(2Z+T1 > Z Dk/ sin (Mm) sin <Mg;> de.

Then, using that
1 1 g
/ “in <(2k: + 1)7T$> . <(2l + 1)7r$> de—d? !f k=1 ’
0 2 2 0 ifk+#1

! 2k +1 1
/ z(z — 1)%sin <Mm> dz = =Dy,
0 2 2

and therefore, we obtain

1 k
5 . ((2k+Dr 32 (4km + 21 — 6(—1)%)
Dy, 2/0 z(z —1) sm( 7 ) = e e e Tk T )

implies that

Hence, referring td{1.%4) and{1]56), we see that

s 32 (dkm + 21 — 6(—=1)* 2,2 2k + 1
u(x,t) :Zﬂ4( ( m 4 2m — 6(-1) ) T tgin <u

. (157
16%% + 32K3 + 24k2 + 8k + 1) 2 x) (1.57)
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In practice, the above sum could be evaluated by truncatmnexample. More precisely,
for kg € N, consider the approximate sum
ko k
32 (4km + 2m — 6(—1 @k+1)2r? 2k +1
S0 0) = > e e e (227,
= (16k* + 32k3 + 24k2 + 8k + 1) 2

In applications, it is often desirable to guarantee thatgpr@imation is sufficiently accurate.
More precisely, given a certain tolerance> 0, we would like to findky € N such that

lu(z,t) — Sko(x,t)| < 7, (1.58)

forany(x,t) € (0,1) x (0,00). In order to estimate the above error, we shall use that
2k+1
‘sin <%x>‘ <1 vz € (0,1),

and that
_ (2kg+1)372

Tt > 0,Yk > k.

_ (2k+1)27r2t
e 4

Furthermore, we notice that, féar> 1,

32 (4km + 21 — 6(—1)) 32 (4km + 27 + 6)
w4 (16k* + 32k3 + 24k2 + 8k + 1) | — w*(16k* + 32k3 + 24k2 + 8k + 1)
32(4km +87) _ 8w (k+2) 8

= TA(16k* + 32K3) — ikt +2k3) 1Ok
Therefore, we have
[u(z,t) — Sk (2, 1)

00 _a(_1\k 2.2
<Yy 4 324(4k7r +327r 6(2 1)%) ' e || ((21: + 1)%)‘
oGy | THIGKT + 3263 + 24K2 + 8k + 1) 2
8 (2k0+1)27f2t > 1
< ﬁe 1 -3
k=ko+1
Using thaty 32 | 5 < 1.3, results in
00 00 ko ko
1 1 1 1
D mTtlm o m s
k=ko+1 k=1 k=1 k=1

Hence, in order to guarantee thaf{1.58) is satisfied, wessigp= k(t) large enough so that

8 (2’€0+1)2 2
—e (13 Z )

For example, fort = % andr = 10716, we needk, > 4. Of course, the above calculations
require implicitly that the series solutioh (1]157) repnetseindeed the solution of the original
PDE problem. &
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1.7

1.1

1.2.

1.3.

1.4.

1.5.

1.6.

1.7 EXERCISES

Exercises

Consider an open bounded interak= (a,b) C R, a < b, andf € C*(Q2), for somek €
Np. Find a solution formula for Poisson’s equation in 1-D wittr@ Dirichlet boundary
conditions:

—u"(z) = f(x), u(a) = u(b) = 0.

To which function space does the solutiefelong to?

Consider the functiom(z) = 2 on the domairf2 = [0, 1], and a real number < p < co.
For which values of3 is ||ul|,, , bounded?

Provel[(1.16). Furthermore, use this result to proviletts inequality [IB) fop = ¢ = 2
(Cauchy-Schwarz inequality for integrals).

Suppose? has a sufficiently smooth boundary. Prove th&(Q2) is dense inLP(f2)
forl <p< .

Prove the 2nd Poincaré inequality in 1-D. More prégjder a continuously differentiable
functionu : [a,b] — R, a < b, show that there exists a constar > 0 (which only
depends om, b) such that there holds

/ab(u(m) —u)%dz < Cq /ab u/(z)? da.

1 b
ﬂ:b—a/a u(x) dz,

is the mean value af on the intervala, b].

Here,

(Inverse estimates) L& = (a,b), a < b be an open interval ifR.

a) Show thatl{T17) does not hold 6 (£2), i.e. there exists no constaft, such that

vl < Callull20

forall u € C1(9).

b) Show [I.IB), i.e. prove thdf{1]17) holds true for all paignials of (maximal) or-
derp. Can you find the constant in the above estimate explicitly?

¢) Consider the finite-dimensional Fourier space

P P
Fp(Q) = {u(m) = Zak cos(kx) + Zbk sin(kzx) : ag, by € ]R} .
k=0 k=1

Prove that the inverse estimale (1.17) holds7Q?), and find the constant explic-
itly.
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1.7. Suppose thdtp is given as in ExamplEZL.B5. Show thBi(1.38) defines a nornmhen t
space{u € C¥(Q): u=0o0onTp} foranyk € N.

1.8. Specify the types (according to Definitian.22) of tbkofving PDE:
a) Reaction-Diffusion equation:
uy — Au = f(u);
b) Hamilton-Jacobi equation:
ug + H(Vu,x) = 0;

c) p-Laplacian equation
div (|Vu|p_2Vu) =0.

1.9. Specify the types (according to Definition.29) of the

a) Euler-Tricomi equation,
YUgy + Uyy = 0,

in R? in dependence og;

b) telegraph equation
Ut + dut — Au = 0,

in R™, whered > 0 is a constant;
¢) the linear second-order PDE

gy + bUgy + Cllyy + dug +euy + f =0,
in R? in dependence on the constant coefficients c, d, e, f € R.
1.10. Use separation of variables to solve the Laplace euat
—Au(z1,22) =0 inQ = {(z1,22) € R?: x5 > 0}

u(x1,0) = %sin(najl) ondN = {(x1,0) : 1 € R}

O 10) =0 ondQ = {(21,0) : 1 € R}.
8952

Is this problem well-posed as— co0?

1.11. Find the solutiom = u(x,t) of the linear wave equation
Ut — Ugg = 0 in(—1,1) x (0, 00), (1.59)
with boundary conditions

u(—=1,t) =u(l,t) =0 vt >0, (1.60)
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and initial conditions
u(z,0) =1 — 22 and wu(z,0) =0 Vo € (—1,1).

Hint: Choose a suitable representation formula:f@e, ¢) in terms of trigonometric func-
tions (with respect ta:) and time-dependent coefficients; make sure that thesdidasc
satisfy the boundary conditions (1160) (cf. ExanipledL.$)rthermore, find an ordinary
differential equation for each of the coefficients.
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Energy Methods

Energy methods constitute an important instrument in figdjoalitative properties of PDE so-
lutions (provided that a sufficiently smooth solution esjsin this chapter, we shall focus on

¢ theDirichlet principle which says that the solution of certain PDESs can be intezdras
minimum of a suitable energy functional. We will illustratgis with the Poisson equa-

tion (T.H);

e stability estimates and energy properties PDE solutions. Specifically, we will show
how, for the heat equation and the wave equation, stabititynlls of the form[{1.34) and
related statements about suitably defined energies carobedyr

¢ the uniquenes®f PDE solutions. In fact, for many linear PDEs, energy mdshoan be
used to prove this important property of a PDE problem.
2.1 The Dirichlet Principle
Let us consider Poisson’s equati@n{1.5) with Dirichlet hdary conditions:

—Au=f in Q (2.2)
u=gqg on o}, (2.2)

whereQ) € R™ is a bounded open domain, aifichg are given sufficiently smooth functions.
Furthermore, define the following energy functional:

E(U)Z%/Q\vuﬁdm—/gfvdm. (2.3)

Theorem 2.4 (Dirichlet principle) Suppose that € C?(Q) solves@I)~Z2). Then,u mini-
mizes the energy function&lfrom (Z3) (under the boundary conditiof®2)), i.e.,

E(u) = min E(v). (2.5)
veC2(Q)
v=g onoN

Conversely, if there exists € C%(Q) that satisfiefZ8) and the boundary conditio®3), then
u is a solution of Z)HZ2).
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2 ENERGY METHODS

Proof: We first show that a solution € C?(Q2) of @I)-[Z2) satisfied(2.5). To this end,
consider an arbitrary functiom with

weC*(Q), w=g ono. (2.6)

Then, recalling the definitio{2.3) of the energy functio&a and noticing that-Au = f,
results in

1 1
E(w) :§/Q|Vw|2dx—/gfwdx:§/Q|Vw|2da:+/QwAuda:.

Applying Green’s formulal{1]4) and using that= g on 92, leads to
E(w) = 1/ |Vw|? dz — / Vuw - Vudx+/ (Vu - n)wds
2 Ja Q o0

1
:—/ |Vw|2da:—/Vw-Vudx+/ (Vu-n)gds
2 Ja Q B

for all w satisfying [Z.B). Therefore, letting = w in the above identity, yields

2.7)

E(u):—l/ \Vu|2dx+/ (Vu-n)gds,
2 Ja P!
and hence,
1
/ (Vu-n)gds:E(u)—l——/ |Vul|? dz.
o9 2 Jo
Inserting this into[(Z]7), we obtain
E(w):E(u)+1/ \vu|2da;+1/ \vw\2dx—/Vw.vudx
2 Ja 2 Jo Q
1 1
> E(u)+—/ \vu|2da;+—/ \vw\2dx—/ |Vw||Vu| de
2 Ja 2 Ja Q

Then, using[(1.16) in the last term with= |Vu

E(w)ZE(u)—Fl/\Vu|2dx+1/\Vw\2dm— / 1\Vu|2+1\Vw\2 dz | = E(u).
2 Jo 2 /o 0\ 2 2

This holds for allw satisfying [Z.6), and hencé_(2.5) is proved.

Let us show thaf{215) implies thatsolves [Z11)-Z]2). To this end, we use a technique from
the calculus of variations. Note that any functierthat fulfills (Z8) can be written in the form
u + e, for suitables € R and

, B =|Vw|, and = 1, we have

peC*Q), e=00n09. (2.8)
Therefore, ifu satisfies[(Z), it follows that the function

n(e) = E(u+ep)
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has a minimum at = 0, and henceyy’(0) = 0. This implies that
0=1'(e

u+€g0)-V(u—l—sgp)dm—/ﬂf(u+z—:g0)dac>

e=0

v(
/Q|V<P|2d$+€/Q(Vu-V<p—st) dm+/g (%Wuﬁ —fu> dm>

d
5
d
5
z—:/ |Vg0|2dac+/ (Vu -V — fp)de
Q Q

de
de

Meo
il
i

e=0

e=0
z/ Vu-Ve — fo) dz.
Q

Green’s formulal[{T}4) and the fact that= 0 on 92 imply that

Oz/QVu-Vgodw—/chpdm
:/Q(Vu-n)gpds—/ggpAudm—/Qfgodx (2.9)

:/(—Au—f)gpdac
Q
for all o satisfying [Z:B). Recalling Corollafy_T111, it follows thaAu = f. O

Remark 2.10 A similar statement like property (2.5) holds also for thes8on equation with
Neumann boundary conditionSu - n = g on 9f2.

Remark 2.11 The Dirichlet principle can be used for numerical purposéste, a possible idea
is to restrict [Z.b) to a finite-dimensional function spaté&iscretization space). More precisely,
a numerical approximation of the exact solution[of]2.L}2)2s found by solving the following
optimization problem: find: € V' such that

E(u) = 1111)1619 E(w).

This is the so-calle®Ritz-method Thefinite element methad closely related to this scheme.

Remark 2.12 Note that the energy function&lfrom (Z.3) remains well-defined on spaces that
are less regular tha6?(Q) (e.g., C'(Q2)). In fact, it is possible to defineweak solutions

of @)-[Z2) which do not belong 6%(Q). In addition, the discretization spacEsof Ritz or
finite element methods typically consist of functions whizknot globally C2-regular.

2.2 Stability Estimates and Energy Properties

We will now prove some stability results for PDE solutionsomd precisely, for the heat equa-
tion and the wave equation, we will show how solutions (meabin suitable norms) can be
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bounded by the data of the corresponding problem. In aciditiee will illustrate, for some spe-
cial cases, that these estimates are related to certaigyepperties. We have already analyzed
a corresponding estimate for the solution of the Poissomtiému Indeed, referring td_{1.B9),
there holds

Vullyo < Callflzq
or, equivalently,
E(u) <C3 1130 -

where we consider the energyu) := HVuH% o for the Poisson probleni {T.B6)=(T137) (instead
of the energyl(Z13) defined in the context of the Dirichlenpiple).

Let now(2 C R™ be an bounded open domaip,an initial time, andl” > ¢. We first consider
the heat equation

u—Au=f forx € Q,t € (to,T), (2.13)
with (homogeneous) Dirichlet boundary conditions
u(x,t) =0 forxz € 0Q,t € (to,T), (2.14)
and initial conditions
u(x, tg) = uo, x € Q, (2.15)

whereuy is a given function. In order to ensure sufficient regulafilythe following analysis,
we suppose that the solutianof the above problem belongs to the spate' (Q2), where we let
Qr :=Q x (ty,T), and, for integers;, [ > 0,

CP Qr) == {v: Q x [to, T] :v(-,t) € C*@Q) forall t € [ty, T], and

v(zx,-) € Cl([ty, T]) for all z € Q}. (2.16)

Now, multiplying the PDE with the solution and integrating ovef?, leads to

/utudw—/uAudw:/fudm.
Q Q Q

Applying Green’s formulal{T]4) to the second of the abovegndls and using the zero Dirichlet
boundary conditions, we obtain

/uAuda::/ (Vu'n)uds—/ \Vu|2da::—/ |Vu|? de. (2.17)
Q B9} Q Q

Furthermore, we notice thgt4u? = u,u. Hence, it follows that

1 [ d
—/ —u2da:+/ |Vu\2dw:/fudm. (2.18)

Moreover, by Holder's inequality{11.8), the Poincaréefrichs inequality [1.14) and(1.116),
there holds

/qudw < /Q [fuldz < [[f( D)z lulDllzq < CallfCONVU )0

1 1
< 5032 £ 0150 + 3 IVl 1)[f3q -
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Inserting this into the previous bound, results in

1 d 1 1
1 / 4y / V2 dz < SCE £, 020 + = [Vul D)2,
2 Jo dt 0 2 2

and thus,
1 [ d 1 1 2
3 | spde g [Vl de < SCRIAC 0B,

Multiplication by 2 and integrating over time frorg to somet € (ty, 1), yields
t t

/ (u? —u) dx +/ / |Vuf?> dedr < C3 Hf(.,f)ugQ dr.
Q to JQ to

Therefore, we have proved the following result:

Proposition 2.19 For the heat equatioZ13)(Z13) there holds the stability estimate

t t
/ uz,t)de+ [ |Vu(, )50 dr < / uo(x)?dz+C | [If(-,7)]5g dr,
Q Q

to to

for all t € (t9,T), with a constanC' > 0 only depending ofR. Here, we suppose that the data
is sufficiently smooth, so that all of the above integralsvaed-defined.

Let us consider the special case whére 0 on(2, i.e. thehomogeneoukeat equation. Then,
Propositio 219 implies that

t
/u2dw+/ /|Vu\2da:§/u(2]da:,
Q to JQ Q
/u2dm§/ugdm
Q Q

forall t € (t9,T) (provided that the integrals are well-defined). Hence, dedithe energy

and thus,

E(t) ::/Qu(w,t)2da:, t e (to,T), (2.20)

there holds
E(t) < E(to) vt € (to, T).

There even holds the following result

Proposition 2.21 Suppose thaf = 0 in ZI3) Then, for the energ§ of the homogeneous
heat equation defined i@.20) we have

1. Eis monotonically decreasing, i.€(t2) < E(t1) forall to <t; <ty <T.
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2. Eis exponentially decaying in time, i.e. there exists a amist > 0 only depending of2
such that

E(t) < E(tp)e (1)
forall t € (to,T).
Proof:
1. There holds q q
EE(t) :\/K;EUQ de = 2/Quut de.

Then, due to[{Z.13) and using Green’s formi{ilal(1.4), it fefidhat

d
—E(t) :2/ uAud:L':2/ u(Vu~n)ds—2/ |Vu|? de = —2/ \Vul|? de.
dt 0 o9 Q 0
(2.22)
Hence,% E(t) < 0, which implies tha€k is monotonically decreasing.

2. Applylllg the Poincaré-Friedrichs illequalim.l4W2), there holds
d 2 2 2
J— — <
tE(t) 2/ |Vul® dx o2 /u dx = —vE(¢),

wherey = c% > (is a constant only depending éh Therefore, we obtain the following
Q
ordinary differential equation fo:

Hence,
— In (E(t)) < —7.
—In (E(1) < —
Integration fromég to ¢ € (¢o, 7)), yields
In (E(¢)) —In (E(tg)) < —~(t — to).
Sinceln is monotonically increasing, we find

E(t) < E(tg)e (t0),

This completes the proof. O
We shall now turn to the homogeneous wave equation, [L&8)Wwith f = 0. We choose
(homogeneous) Dirichlet boundary conditions like[iIn (3, &hd initial conditions

u(xe,t =tg) = up(x), wu(x,t="1ty)=u(x), x € Q, (2.23)

whereg, h are given functions. Note that, due to the fact that the wayeton is a second-
order PDE with respect to time, two initial conditions arquged. We suppose that the solution
fulfills

(S 0272(51“);
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2.3 UNIQUENESS OF SOLUTIONS

cf. (Z18). Our goal is to investigate a suitable energy lia@ problem. Let us therefore multiply
the (homogeneous) wave equatiombyand integrate ove®. This results in

/ututt de — / wAudx = 0.
Q Q

Due tou = 0 on 90 for all t € (to,T), there holds alsa,; = 0 on 9 x (to,T). Thus,
integration by parts inc (Green'’s formulal{114)), leads to

/ Uty AT —I—/ Vu - Vusdax = 0.
Q Q
Noticing thati <$u? = wyu, and ] dt|Vu\2 Vu - Vu, we obtain

1 d 2 2 .

Integration with respect to time fromg to ¢ € (¢, T"), results in

5 [ (ot = (@) a3 [ (Vuta 0 - [Vuo@)F) do =0

Hence, defining the energy

E(t) ::/ (ue(z,t)? + |Vu(z, 1)) de, (2.24)
Q
we obtain the following result:

Proposition 2.25 For the homogeneous wave equation with homogeneous [Etibblundary
conditions, the energy defined @24)remains constant in time, i.e.,

E(t) = E(to) = /Q (u1(z)? + |Vuo(z)]?) dx
for anyt € (to,T). Here, it is again supposed that the data is sufficiently dmoso that all
integrals are well-defined.
2.3 Uniqueness of Solutions

We will now demonstrate how energy estimates can be usedsily @aove uniqueness of solu-
tions of the corresponding PDE problems.

Theorem 2.26 The Poisson problef@)+Z2) has at most one solution ifi?(Q).

Proof: Suppose that there are two solutions: € C?(Q) to Z1)-{Z2). We define the
difference byv = u — u. Then, due to linearity of the PDE, there holds

—Av=—-Au—u)=—-Au+Au=f—f=0 in €,
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2 ENERGY METHODS

and

v=u—u=9g—g=20 on of). (2.27)
Due to [1.3D), we havgVu||, o = 0. Thus,Vv = 0, andv is constant. In addition, because
of Z21), it follows thaw = 0, i.e.,u = u. O

Similar techniques can be applied to prove the uniquenetkseoheat equation and of the
wave equation. Like for the Poisson equation, we shall ctangossibly nonhomogeneous (i.e.,
nonzero) Dirichlet boundary conditions,

u=g on o x [tg, T. (2.28)

Theorem 2.29 The heat equatioffZ.I3) with (possibly inhomogeneous) Dirichlet boundary
conditions@28)and initial conditions@I3)has at most one solution %! (Qr).

Proof. Consider two solutions andu of the given PDE problem. Then, by linearity (similarly
as in the proof of the previous Theor€m2.26), the differaneeu —u satisfies the heat problem

Vi — Av =20 in QT
v(x,t) =0 on o x (to,T)
v(x,ty) =0 in Q.
Due to Propositiol 221, there holds

E(t) < E(ty) = /Qv(a:,to)2dw =0

forall t € (t9,T), whereE is the energy defined iliL{ZR0). Consequently 0 on Q7. O

Theorem 2.30 The wave equatiof.28) with (possibly inhomogeneous) Dirichlet boundary
conditions(@Z28)and initial conditions@23)has at most one solution iG2(Qr).

Proof. We define agaim = u—u, whereu andu are two solutions of the given wave problem.
Then, there holds

Vit — Av =20 in QT
v(x,t) =0 onoN x (to,T)
v(x, tg) = ve(x,tg) =0 in Q.

Moreover, with PropositioR 225, we have

E(t) = E(to) = |

(ve . t0)? + Vol o) 2) da = / Vol o) da,
(9] Q

foranyt € (to,T'), whereE is the energy froni{2.24). We notice that, duefta,ty)) = 0 on{,
it follows thatVu(x, ty) = 0 on2. Hence E(t) = 0 for all t € (to, 7). This implies that

ve(x,t) = |[Vo(x,t)| =0 V(x,t) € Qp.

Thus,v is constant in space and time. Furthermore, sinee ¢y) = 0 for all € €, it follows
thatv = 0. (]
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2.4

2.1

2.2.

2.3.

2.4 EXERCISES

Exercises

On a bounded domain C R, consider the Laplace eigenvalue problem

—Au= M\ in
u=20 on of2.

We are looking for scalars € R (eigenvalues) and (nonzero, smooth) functions(2 —
R (eigenfunctions) which satisfy the above problem.

a) Show that all eigenvaluesare strictly positive.

b) Prove that two eigenfunctions,,us, corresponding to two different eigenval-
uesi; # Ao, are orthogonal with respect to the integral product, i.e.,

/ urug de = 0.
Q

c) Inthe 1-dimensional casex(= 1), find the smallest eigenvalue>> 0 on the domain
Q= (-1,1). Here, 09 = {£1} andAu = u".

LetQ ¢ R™, m > 2, be a bounded, open domain. Suppase C?(Q) satisfies the
Neumann problem

—Au=f inQ
Vu-n=g onof,

where f, g are sufficiently smooth. Furthermore, fore C?(02), define the energy func-

tional .
E(v) :/ <—|Vv|2 —fv> dx —/ gu ds.
a\2 B

Prove thatE(u) = inf, 2 q) E(v).

Let? ¢ R™ be a bounded domain. Furthermore, considestrectly positivefunc-
tion a(x) € C'(Q), and a vector-valued functiob(xz) € C'(Q)™. Furthermore, let
uo(x), f(x,t) be continuous. Prove that any sufficiently smooth solutiém, ¢) of the
initial boundary value problem

ug(x,t) — div (a(x)Vu(zx,t)) — b(x) - Vu(x,t) = f(x,t) x€Qt>0
u(x,t) =0 x € ,t>0
u(x,0) = ug(x) x €,

satisfies an inequality of the form

/Q|u(m,T)|2dac§C(T) (/Q |u0(m)|2dac+/OT/Q|f(m,t)|2dacdt>.

Hint: Consider first the functiom = e®'«, with a suitable constani € R.
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2.4.

2.5.

2.6.

38

LetQ? € R™ be a bounded, open domain, with smooth bound#y Consider smooth
functionsb(z, t), g(x), andh(x). Moreover, letu(z,t) € C?(Q2 x [0,7]), T > 0, be a
solution of the wave equation

Uy — Au =0 Ian(O,T]
Vu-n+u=>o on o x (0,T]
u(x,0) = g(x), u(x,0)=h(x) on .

Use energy methods to prove thais the only solution irC?(Q x [0, T7).
Hint: Consider two solutions, #, definew = u — 4, and use the energy

1 1
E(t):E/wadw—kg/QNdem.

Show thatE < 0 (and henceE(¢) = 0).

Consider an open, bounded dom@irC R™, and a smooth functiorf : @ — R (inde-
pendent of the time variablg. Furthermore, let. be a (sufficiently smooth) solution of
both, the heat equation and the wave equation, i.e.,

ut(x,t)—Au(z,t) = f(x), ug(x,t)—Au(z,t) = f(x), in 2x(0,00), (1.1)

with

u(x,t) =0 on o x [0, 00). (1.2)
Prove thatu is independent of, and that there exists at most one smooth function that
satisfies all the equations in (L. 1)=(1.2).

Let2 ¢ R™ be open and bounded. Find a suitable endry for the (homogeneous)
telegraph equation,

U +dug — Au =20 inQX(to,T)
u=0 on o x [to, T
u(x,tg) = ug(x), ur(x, tg) = up(x) in Q,

and prove that it decays exponentially with- co. Here,d > 0 is a constant, andy, u;
are given initial conditions.



Poisson Equation

This chapter will discuss the solution of the Poisson equati
—Au = f, (3.2)

on an open domaif2 C R™. Furthermore, we shall study certain properties of harmoni
functions, including some mean value properties and themman principle.

3.1 Distributions

Distributions constitute a very useful tool, for examplethe development of solution formulas
for PDEs. Here, our focus shall be to consider some of theclmsicepts, without discussing
the detailed aspects. More precisely, we shall show howilalisions can be applied to obtain
PDE solutions, and will then prove that the resulting forasuare in fact true.

3.1.1 Definition of Distributions

Distributions can be considered as generalized functiBosinstance, forzy € R™ ande > 0,
let us consider the function

- —— ifxecB.(x
05 (@) = § Ve (o)
0 otherwise

where
B.(xy) = {x e R" : | — x| < €}, (3.2)
is the open ball iR™ with centerz, and radius, and

m
2

eMr

Vm7g = / do = = m 1\
Be (o) r(3+1)

denotes its volumel{is the Gamma function). Then, for any sufficiently smoothctions ¢,
there holds

(3.3)

/ (5(;0)g0d33 = L/ o(x) de = average ofp in B.(xg) &g o(xp).
Q Vm,a B: (o)
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3 POISSON EQUATION

Hence, the “limit"d,, of 5&? satisfies

dzopdx = (x0) (3.4)
Rm

for all sufficiently smooth functiong. However, the limit ofé(a) is not a function in the classical
sense; it is the so-callddirac delta distributionat xq. In fact, it can be shown that there exists
no function that satisfieg(3.4) for all. Hence, the integral representation is to be understood in
asymbolicalsense. We will explain this in more detail in RemBarK 3.7.

In order to provide a mathematical framework for distrilbas, we shall first define conver-
gence on the space of test functidn&?).

Definition 3.5 Consider a sequencgp,, }neny C D(2) andy € D(Q2). Then, we say thap,
convergeso ¢ asn — oo,
wn - SO7 n— OOJ

if there exists a compact s&f C (2 containing the supports of aly,, and ofy such thatp,, and
all of its partial derivatives of any order convergmiformly to ¢ and its corresponding partial
derivatives as» — oo, i.e., given any multi-indexx € Ni*, then for alle > 0 there exists
ng € N (independent o € M) such that

ID¥(pn — @) ()| <€ Ve € M,VYn > ny.
We shall now proceed with a possible definition of distribos.
Definition 3.6 A distribution(generalized function) is a linear functional
t: D) >R, oLy,

with the following continuity property: if a sequenge,, },en C D(2) converges te € D(1),
i.e. o, — ¢, thenl(p,) — £(p). The space of all distributions dn is denoted byD'(£2). We
introduce an addition and a scalar multiplication @ (2):

(b1 +L2)(p) = li(p) + L2(p), Vi1, 0y € D'(9),
(al)(p) = L(ayp), Vi e D'(Q),a €R.

Furthermore, we call € D’'(2) the zero-distribution ift(¢) = 0 for all test functionsy €
D(R2). Note that, with these definitior®/(2) is a linear space.

Remark 3.7 We note that any integrable functigh: 2 — R can be identified with a distribu-
tion

© > /Qf(a:)go(w) dz. (3.8)
Typically, for conveniencef is used to denote both the function as well as the correspgndi
distribution, i.e.,

F@) = (fo /fsodw
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3.1 DISTRIBUTIONS

Even if a distributior¥ cannot be represented in terms of a function a1 (3.8), vemafse the
(symbolical) integral form:

Lp) = (o) = /Q&pda:.

In this sense, for example, the previously discussed Diedta dlistributiond, ,
Op ° D(Q) — R, v — @(xg),

is often written in the form

/Q50(513)<P(33) = (00, ¢) = ¢(=o).

3.1.2 Convergence in the Distributional Sense

Definition 3.9 We say that a sequendg,,} € D’'(2) convergego f € D'(Q2) (in the distribu-
tional sense) if

(frs0) = (f,0) Yo eD'(Q).

We note thaD’(Q2) is “closed” in the sense that, (ff,,, ) converges for allp € D(2), then
there existsf € D'(Q2) such thatf,, — f.

Example 3.10 Consider the sequence of functions

fn(x) = sin(nz).

We are interested in the limit — oo in the distributional sense dR(R). Fory € D(Q2), we
have

(fnrp) = /OO sin(nx)p(zr) dz.

—00

Sincey has compact support, there holds

(frnyp) = %/00 cos(nz)y' (x) da,

—00

and,

(e} (e}

1 n— oo
[ cos(na)l¢! ()] o < ~ / ¢ (@) de "= 0.

—00

(w5 |

— 0o
This implies thatf,, converges to the zero-distribution, i.e.
lim sin(nz) =0

n—oo

in the distributional sense. &
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3 POISSON EQUATION

3.1.3 Weak Derivatives

Consider a smooth functiofi € D(Q2). Sincef has compact support, there holds, fox i <
mv

/ f(m)g? () da = — gf' (@)p(@)de Vo € D(Q). (3.11)
Q €T; 0 0%;

For non-smooth functions the above equality does typicadly hold since the partial deriva-
tives g—i might not exist, for example. In this case, we can, howews,[G.11) to introduce a
new definition of derivatives. They will be called “weak dettives”.

Definition 3.12 Let f € D'(Q) and1 < i < m. Theng € D'() is called theweak (or
distributiona) derivative off in the z;-direction, denoted bg if

(F52) =G VecD@,

More general, for a multi-indexx € Ni*, we define the weak partial derivative corresponding
to a by

(D%f,¢) = (1)1 (£,D%)  Vp € D(Q). (3.13)

Remark 3.14 We note that a distributiorf € D'(2) always has a weak derivative i’ ().
Indeed, forl < i < m, the weak (partial) derivative with respect to thedirection is given by

of . (9f B 00\ o [ 0¢

and more general, for a multi-index € N,

(Df) () = (—1)\*lf (D)

for anyy € D(Q).

Remark 3.15 Weak derivatives are generalizations of classical deweat Particularly, if a
function has a classical derivative on a dom&inthen that derivative is identical to the weak
derivative. We note, however, that a function with a weakwad¢ive does not necessarily have a
classical derivative.

Let us consider some examples in order to illustrate the eblesinition.

Example 3.16 The classical derivative ofi(x) = |z| is only defined piecewise on the do-
main 2 = (—1, 1) due to non-differentiability at: = 0. In particular, there exists no global
classical derivative of). It is possible, however, to find a weak derivative @n in fact, for

¢ € D(R), there holds

/1 u(z)¢ (z)de = — /0 z¢' (z) dx + /01 zy (z) dw

-1 -1

0 1
- / (@) — p(~1) - /0 () + (1),

-1
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3.1 DISTRIBUTIONS

Notice thatp(—1) = ¢(1) = 0, and hence,
1 0 1 1
/_ u(a)d (@) do = / o) - /0 () dz = / sen(@)p(a) do.

Therefore, the functiop(z) = sgn(x) is the (global) weak derivative af. Let us find the weak
derivative ofg. We have

1 0 1 1
/ g(z)¢ (z)dx = —/ o' dz +/ o' dz = —2p(0) = —/ 200 dz.
1 0 1

-1 _

Thus,u” = ¢’ = 26y in the weak sense. &
Example 3.17 Consider the function
u(r,0) =Ilnr = In|z|,

written in polar coordinateér, §) in R2. We are looking forAw in the distributional sense. The
Laplacian in polar coordinates is given by

v 10w 1 0%

Ap= U Ltov, Lov 3.18
v 8T2+r8r+r2892’ ( )
cf. Exercisd_3]l. Hence, we see that
Au =0, r#0, (3.19)
By the definition of the weak derivativels (3113), we are logkfor g = Awu such that
/ gpdx = / uApde
R2 R2
We split the latter integral into two parts in order to iseléihe singularity of: atr = 0:
/ uAgod:D:/ uAcpdiL'—i—/ uApdx =1 + .
R2 |x|>e || <e
Twofold integration by parts id; yields
L= Aupdx + / (Ve -n)udsg — / (Vu - n)pdsg,
|| >e |x|=¢e |x|=¢e
wheren = —Z. Due to [3.ID), there holds
Aupdx = 0.
|z|>e
Furthermore,
‘/ (Ve -n)udsg| < sup |Ve(x)| |In |x||ds, = 27e|Ine| sup |[V(x)] =00,
|x|=¢e TeR™ |x|=¢e |x|=¢
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3 POISSON EQUATION

Moreover,
0 1 1
Vuonl, =-24 -1 _.1
or r=e Tlr=e €
Therefore,
1 =
—/ (Vu-n)pdsg = 2r— pdsg =9 27p(0).
|z|=¢e 2me |x|=¢
In addition,
L < sw |Ap(@)| [ |Infz||de,
xcR2 |z|<e
and

€ e
/ |ln\w||dm:/ dr/ |ln\w||d3:2ﬂ/ T|lnr\dr€10>0_
|| <e 0 || =r 0

Summing up, we obtain
/ ulApdx = 2mp(0),
R2

and thus,
g = Au = 274y,

in the distributional sense. &

3.1.4 Sobolev Spaces

We have already mentioned that all distributions have ailligtonal (weak) derivative; cf. Re-
mark[3T4. In addition to the existence of weak derivatiiess often interesting to know
whether a weak derivative is bounded in a suitable norm,céslbein the case where the weak
derivative of a function is itself a function. Here, so-edllSobolev spaces play an important
role.

Forp > 1 andk € N, and an open domain C R™, we define the Sobolev spaces

WkP(Q) = {v € LP(Q) : D% € LP(Q) for all a € NJ* with |a| < k},

where the differential operators are to be understood imibak sense. For the definition of the
Lr-spaces, we refer t&{1.6). The spde&” can be equipped with the norjn [ww.p () given
by

k
[Wlweo@ = [ 100+ > ID[E

=0 aeNg®
|a|=1

In addition, we have the following semi-norm:

Al

[olwesy = | D ID%0]hg

m
aENO

l|=Fk
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3.2 POISSON EQUATION IN R™

In the casep = 2, the above (normed) Sobolev spaces are often denotdd"9§), i.e., for
k € N, we set
HYQ) = WE(Q),

with the corresponding nort- | ;7 () and semi-norm - | x ) -
There holds the following important density result whictates smooth functions to functions
in Sobolev spaces.

Theorem 3.20 Suppose thaf2 is an open bounded domain with Lipschitz boundary. Then, the
spaceC™(Q2) is dense i¥*?(£2) with respect to the norm - ||y forall 1 < p < co.

We note that functions in Sobolev spaces are not alwaysreanis. More precisely, we have:

Theorem 3.21 LetQ) C R™, m € N, be open and bounded, with Lipschitz boundary«(if- 2).
Furthermore, let, >» € Nwith k — ¢ > 0, andp € [1,00). Then, if

k—»x>m ifp=1,
k—%>% ifp>1,

there hoIdE
wkr c C*(Q).

Example 3.22 The above theorem shows, for example, that/foe= 1, there holdsi!(Q) C
C%(9Q). Form = 2, however, this is not anymore true (indeed, the functig®) = Inln %

||

on{) = B;(0) belongs toH ! (£2), however, is not continuous at= 0). &

3.2 Poisson Equationin  R™
We shall now consider the Poisson problem
—~Au=f inR™ (3.23)
In order to derive a solution formula, let us suppose thattlegists a functior that satisfies
—Ad = §y, (3.24)

whered is the delta distribution (at 0) froni.(3.4). Then, for somadtionv, there holds

v(x) = /m v(x —y)do(y)dy = — /m v(z — y)P(y) dy.

Then,formally using Green’s formula and supposing that all functions lve vanish towards
infinity, results in

v(x) = - Vyv(x —y) - Vy®(y)dy = — - Ayv(z —y)P(y) dy.

"More precisely, for everys € W*?(Q), there is ai € C*(2) which coincides with: almost everywhere, i.e.,
up to a zero-measure set (in the sense of the Lebesgue imegra
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3 POISSON EQUATION

Particularly, for the solution: of the Poisson probleni {3123), we (formally) obtain the sohu
formula

u(z) = — . Ayu(z —y)2(y) dy = A flz—y)2(y)dy. (3.25)
Evidently, the above representation for a solution of (B2l requires the following questions
to be answered:

1. What is the solution of (3:24) iR™? Here, ExamplEZ3117 implies th&tx) = —% In |x|
is a possible solution ifR?.

2. The derivation of a solution formula was rather formalnele, once a functiof® is found,
we need to check thdi(3125) is in fact a solution[Qf (B.23).

These two issues shall be addressed in the following twaosesct

3.2.1 Fundamental Solution

We are interested in finding a solutiah of [3.224). Such a function is called fandamental
solution of the Laplace equation. Recalling our “construction” of ihelta distribution at the
beginning of Sectiof3l1, it is reasonable to supposedtstisfies

Ad(x) =0, x # 0, (3.26)

in the classical sense. Furthermore, let us assumebtimtadially symmetric, i.e., there exists
a function® such that N
O(x) = O(||).

In order to solve the above equation, we shall write the LaalaA in terms of the radial
variable

r=|x| :\/x%+x§+...—|—aj%.
For1 < ¢ < m, there holds

o B d_é or
Baci N dr Bmi’
and N N B B .
P8 _ b (o) b a2 b - ad
Ox?  dr?2 \ 9z dr 0z? 2 dr2? r2  dr’
Therefore,
- & 920 1 20 & 1 do & 22 2 m-—1do
AD = - = 2, - = A R Akl
— Or; 1 dr? ;mz—i_ﬁ drl,z::<r 7“> T @
Thus )
AB(r) = &"(r) + 2§ (1),
T
and [3.Z6) becomes
~ 1~
0=3"(r)+ 2 ~3'(r).
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3.2 POISSON EQUATION IN R™

Hence, provided thab’ + 0,

~ / =
Noticing that(ln <I>’) = %, leads to

In® = (1-m)lnr+C,

and
' =Crlm

whereC, C € R are constants. Therefore,

~ alnr+b ifm=2
P(r) = . .
a +b ifm>3,

rm—2

wherea, b € R are arbitrary constants. Lettiig= 0 and choosing: such thatb(z) = ®(|z|)
satisfies[(3.24), leads to the following definition:

Definition 3.27 The function

— o In |z if m=2
®(xz) = 1 L s g (3.28)
m(m—2)V (m) |x|m—2 = 9

is called thefundamental solutiowf the Laplace equation. Her&}, ; is the volume of the unit
ball in R™; cf. @3).

Proposition 3.29 The fundamental solution frof8.28) satisfies(@24) in the distributional
(weak) sense.

Proof: See Exercise3 2. O

3.2.2 Solution of —Au = fin R™
Theorem 3.30 Let f € C2(R™) in @) Then, the function

u(z) = /m P(x—y)f(y)dy (3.31)

is well-defined, belongs t62(R™), and satisfies the Poisson equati@1). Here, ® is the
fundamental solutio@.28) of the Laplace equation.

Proof. See Evans, pp. 23-25. O

Remark 3.32 We notice that the solution of the Poisson equatioi®h given in [3.31) is not
unique. In fact, any function of the form= u + ¢, whereu is the solution from[(3.31) ang
satisfiesAp = 0, solves [3.2B):

—Av=—-Au+Ap=f+0=f.
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3 POISSON EQUATION

3.3 Poisson Equation in a Bounded Domain
We will now look at the Poisson equation in a bounded open dofma
—Au=f inQ. (3.33)

In order to assure the unigueness of a solution, we need tosena boundary condition; cf.,
e.g., Chaptdrl2, Sectian®.3. Let us consider, for exametiehlet boundary condition,

u=g on o). (3.34)

3.3.1 Green Functions

In order to obtain a representation formula for the soludrf3.33){3.34), we would like to
proceed in a similar way as for the Poisson equatioR'Th To this end, considet €  and
define a functiorG* that satisfies

—AyG®(y) =dz(y)  InQ, (3.35)

whered,, is the Dirac delta distribution at. Then, there holdsrmally that
uw) = [ G ay = - [ A,6"wuw)dy.
Furthermore, twofold formal integration by parts yields
u@) == [ (9,67 nyuly)dsy + | V,67(w) - Vuly) dy
—— [ (9,65 (w) muly) ds, +
9
Using [Z3B)-(3.34) results in

u(x) = — /aQ(Vme(y) -n)g(y)dsy +

G®(y)(Vuly) - n) dsy — / G® () Au(y) dy.
o0 Q

G(y)(Vuly) - m)dsy + | G*(w)f(w) dy.

. (3.36)
Provided that we can find the functi@i®, we see that the above expression is already almost
a solution formula forl(3:33)E(3:84). We remark, howevkattwe do not have any information
on the normal derivativ&’w - n of u alongdf2. The problem can easily be resolved by imposing
the following homogeneous (Dirichlet) boundary conditmmG®:

o0

G*=0 on of). (3.37)

With this, there holds
ul() = - /8 (V,67()  mg(y) dsy + /Q G®(y)/ (y) dy. (3.39)

This is now indeed a solution formula.

48



3.3 POISSON EQUATION IN A BOUNDED DOMAIN

Remark 3.39 We emphasize that the above calculation was formal, andehehe solution
formula [3:38) needs to be verified carefully.

Remark 3.40 The functionG* does only depend on the domddrand not on the dati andg.
In particular, oncé&=® is known for a given domaife, the solution formuld{3:38) for the Poisson
problem ont2 can be used for any (sufficiently smooth) déta.

Let us now discuss the functia@@®. In order to fulfill (Z3%), the function
G*(y) = B(x — y)

is a plausible choice; cf[{324). Evidently, however® does not satisfy the homogeneous
boundary conditions[{3.B7). For this reason we subtrabbandary correction functio®
from G*. More precisely, we let

G*(y) = 2(z —y) — ¢*(y). (3.41)
Then, in order for[(3:35)[{3:37) to hold, we require
—Ayp*(y) = —Ay®(z — y) + AyG*(y) = 02(y) — da(y) =0,

in 012, and
e*(y) = P(x—y) - G*(y) = 2(z — y)
on 9f2. This leads to the following definition.

Definition 3.42 For fixedz € €, the functionG* from B38)B.37)is called Green function
for the Poisson probler8.33)-@.34) It is represented by

G*(y) = 2(z —y) — ©"(y),
where® is the fundamental solution of the Laplace equation f@@&8) and»® is a boundary
correction function satisfying
—Ayp®(y) =0 y e (3.43)
©*(y) = ¢(x —y) y € 0N. (3.44)

Here, we suppose that® € C?(9Q).

Remark 3.45

1. We note that the functio®(x — y) prescribing the values of the boundary correction
function onof is well-defined. Indeed, far € Q andy € 99, we clearly haver # y,
and thus, the singularity @b at0 is not a source of difficulty.

2. The Green function is symmetric, i.e.,
G*(y) = GY(x) Va,y € Q;
cf. Exercisd314.
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3 POISSON EQUATION

3. A similar solution formula like in[{3.38) can be obtaineat the Poisson problems with
other boundary conditions than the Dirichlet boundary dord (3:34) (e.g., Neumann
or mixed boundary conditions). To this end, the boundarydd@ns for the Green func-
tion G* have to be chosen appropriately so that (the parts of) tlegrals in [3:36) for
which no boundary data is given vanish.

4. The idea of representing the solution of the Poisson probih terms of a Green function
extends to more general PDE problems in a natural way.

3.3.2 Solution of —Awu = f in a Bounded Domain

Using similar techniques as in the proof of TheoflemB.30terRoisson problem iR™, it can
been shown that the solutianfrom (3:38) satisfied(3.33). In addition, it needs to protreat
fulfills the boundary conditiory at the boundaryf2. More precisely, there holds the following
result.

Theorem 3.46 Let Q2 ¢ R™ be open and bounded. Furthermore, suppose @a£3)3.44)
and [B:33)3.32) have solutiongy® (for anyz € Q) andw, respectively, which both belong
to C?(Q2). Then,u is given by@38) Here, u from ([338) satisfies the Dirichlet boundary
condition @:32)in the following limit sense: Given a convergent sequeficg}, >y C  with
alimitT € 0Q, thenlim,,_,~ u(x,) = g(T).

3.3.3 Examples of Green Functions

For general domains and problems, it is typically not pdedit» find an explicit expression (for
example, in terms of elementary functions) for the assedi&@reen function. In some special
cases, however, a formula can be derived.

We shall consider the Poisson problem (with Dirichlet datahe upper half space

HY ={x e R™: z,, > 0},

and in the sphere
B.(xg) ={x e R™: |x| < r},

with radiusr > 0 and centerry, € R™. More examples will be discussed in Exerdisd 3.5.

Green Function on the Half Space

Our task is to find, for any: € H'?, a functiony® that satisfied(3.43)E(3.44). Then, the Green
function G* is given by [341l). A tempting candidate fof® is the function®(xz — y). We
recall, however, that this would result in a loss of the reghiC? regularity of ¢ due to the
presence of a singularity gt= x. A simple remedy for this problem is to move this singularity
outside of the domaiil’?'. Clearly, this needs to be done in such a way thai{3.43) [add)3
are still satisfied. The reflection

R:z= (l’l,l’Q,- .. 7$m—1>33m) = R(m) = (.171,.1‘2,. <oy Tm—1, _ajm)>
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3.3 POISSON EQUATION IN A BOUNDED DOMAIN

does the trick. Indeed, by setting

©*(y) = ®(R(z) — y),

we see thap® € C%(H'?) sinceR(z) ¢ H'" for x € H'?, and henceR(x) # y foranyzx, y €
H'?. In particular, there holds
~Ay®(R(z) —y) =0

in the classical sense. In addition, terc H'" andy € 0H'", where
OHT = {x € R™: z,, =0},

we have thaiR(x) — y| = |« — y|, and thus,

Therefore, [3.43)£(3.44) are satisfied.
Let us consider the Laplace equationIdiff with Dirichlet boundary conditions:

—Au =0 in H (3.47)
u=yg onoH'", (3.48)

for some given boundary daga Then, using[(3.38), the solution is given by
u@) = | (9,6%(w) ma(y) ds,. (3.49)
OH'

On oH'?, the normal outward vector is
n=10,...,0,—1]" e R™.

Therefore, it follows that

Recalling [3:411), there holds

oG™ _i . B o) _ 1 Ym — Tm Ym + T
5, Y) = 5, (®(z—y) — ®(R(x) — y)) mvm,1<|y—m| |y—R<w>|>'

Then, becausg € JH'", we have that

8Gw( ) 1 <ym — T Ym + a:m> 1 2T,
y I — — .
Y mVm1 \ |y — x| ly — x| mVm1 |y — x|

Inserting this into[(3.49), we obtain thRoisson formula for the half space

w(w) = —22m 9(y) dsy, (3.50)

- Vi Joun |y — ™

for the solution of [[3.417)£(3.48).
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3 POISSON EQUATION

Remark 3.51
1. For boundary data € C°(9H'"") and bounded, we see that the solution[of (B.47)=(3.48)
is in C>°(H).

2. Notice thafd’? is unbounded, and thus, Theorem3.46 needs to be checkddlliyaiar
the half space; cf. Exerci§eB.7.

Green Function for the Sphere

In order to find the Green function for the Poisson problemBgz,) with Dirichlet bound-
ary conditions, we proceed similarly as in the previous gxamLet us first consider the unit
sphereB; (0). The boundary corrector functiop® is, as before, expressed in terms of the fun-
damental solutiorb. The singularity is again removed by means of a suitablesfeaimation.
More precisely, we define the followirigversionabout the surface of the the unit ball:

1

Then, we let
" (y) = 2((y — l(=z))|x]).

Differentiation shows that the above function satisflegdg. Furthermore, foy € 9B1(0),

i.e.,|y| = 1, there holds
|(y = =) z]| = || |y x =Iw\\/\y\2— \wl\/l—W P

—\/\-’13|2—2:B :u+1—\/\«’13|2—2:B y+\y\2— )
= |z —yl.

Therefore,
¢*(y) =@(x—y) VyecIBi(0).

Consider the homogeneous problem

—Au=0 in B1(0) (3.52)
u=g ondB1(0). (3.53)

Then, applying[(3.38), leads to the solution formula
ue) == [ (V,67() ng(y) dsy,
dB1(0)

with
G*(y) = (z —y) — 2((y — I(z))[x|).
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3.3 POISSON EQUATION IN A BOUNDED DOMAIN

Noticing thatn = y on9B;(0), we obtain

A few calculations show that

x 1 1- |$|2
VW Yy ey
for y € 0B;(0). Hence,
1- Iw\2/ 9(y)
u(x) = —2 ds,, (3.54)
(=) mVm1 Jop, o) l& —yl™ Y

which is thePoisson formuldor the unit sphere.
In order to find a solution formula fof-(3.52]=(3]53) on thengeal sphereB,(x), we apply
ascaling argumentTo this end, define an affine mapping

F : B1(0) — B.(xo), T —x=rT+ x).
Furthermore, let
u(Z) = u(F(Z)) = u(re + x).
Then, there holds

~Azi=0 in B, (0)
u(x) =g(F(x))  ondBi(0),

i.e., formula [(3.8H) is applicable. There holds

— 132 i
u(e) = u(F@)) = 8(@) = ——12 /8 9EW) 4,

mVin1 Jop, o) 1Z — g™ Y

- /531(0) | ‘

— ~m Y0y
mva z Tw() — y|

Using the variable transform
y=F(y), dsy = rml dsg,
leads to the solution

u(x) =

r? — |@ — xo|? / 9(y)
0

— as
MV 1 Br(xo) 1T —yl™ Y

of @33){334) fo2 = B, (z0).
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3 POISSON EQUATION

3.4 Harmonic Functions

In this section we will study functions € C?(Q2), whereQ C R™ is an open domain, that
satisfy the Laplace equation
—Au=0 ong.

These functions are calldtarmonicon 2. We shall discuss some of their (many) interesting
properties in the following.

3.4.1 Mean Value Properties

Given a harmonic functiom on an open domaife C R™, let us consider a balB, (x) C Q
(such thatB, () C Q) with radiusr > 0 and centerc € Q. Then, using[(334) (witke = =),

there holds ()
r u\y
u(x) = ——=— dsy,.
( ) mvm,l /83r(m) |i13 - y|m Y
Furthermore, noticing thadtc — y| = r for all y € 9B,.(x), leads to

1
u(z) = MV 171 /{)B,«(m) uly) dsy = ]éBT(a:) uy) dsy.

Here, we use the symbg! to denote the average integral over the corresponding doriidie

above equality shows that the value of a harmonic functieoate pointe is the average of the
function over the surface of a bali, () with arbitrary radius- > 0 (provided thatB,.(x) C Q).
More precisely there holds:

Proposition 3.55 Let() be open and: € C?(2) harmonic. Then, for alle € Q andr > 0 such

that B,.(x) C , there holds
u(x) :][ u(y) dsy. (3.56)
OB (x)

On the other hand, ifi € C?() satisfies the above equali@@58)for all balls B,.(z) C ,
thenw is harmonic inf2.

Proof: It remains to prove tha{{3.56) implies thatis harmonic. This shall be done by
contradiction. Suppose thatu(xq) # 0 at some pointcg in 2. Then, because € C?(Q) (and

henceAu € C°(Q)), there existg > 0 such thatAu > 0 or Au < 0 on B.(zg) C . Without
loss of generality, let us suppose tidst > 0 on B.(x). Then, by assumption, there holds

u(@o) = ]g o ) g
r (L0

for all » € (0,¢). Due to the fact that the left-hand side of the above equalitpdependent
of r, we have

0 1
0:—][ u(y)dsy = — 7/ u(y)dsy | -
or Jap, (@) (y) dsy or (me,lrm_l 9B (o) W) dsy
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In order to calculate the above derivative, it is conventienise the following change of variables
to the surface of the unit sphede3, (0) C R™:

y=ry+ex, dsy = r™ 1 dsg.
This yields

0 1 / . 1 . .
0= — u(ry+x)dsz | = / Vau(ry + x) - ydsg.
or (me,l 9B1(0) ( ) y) mVm,1 JoB,(0) 7 ) Y

Transforming back té@ B, (x), result in
0 ! / Vyu(y)
= - u .
me,lrm_l OBr(xo) ity

Noticing that¥-*% = n ondB,(x,) and applying Green’s formul&(1.4), we obtain

Yy —xo

dsy.

1 1
0= ——— Vayu -nds, = 7/ Au dy.
mVp,1rm 1 /GBr(azo) vuly) Y mVi 1™ Jop, (2 W) dy
This, however, is a contradiction to the fact tidst > 0 on 9B, (xo). O

Remark 3.57 The equality [336) involves an average integral over thdasa of some
ball 0B, (x). Incidentally, this integral can be replaced with an averagegral over the whole
ball B,.(x), i.e.,

u@) = uly)dy;
By (x)
see Exercise_3 9.

Let us investigate the gradient of a harmonic functioa C2(2) on 2. To this end, we com-
pute, for i = 1,2,...,m, the first-order partial derivative af in thei'" coordinate direction.
Using Propositiol-3.35, there holds

ou
8.’Ei (wO) = ][ ( u:l?i (y) d8y7

wherexy € Q andr > 0 such thatB,(xy) C Q. Then, defining the vector function =
(U17U27 s 7Um) by

u(y) ifj=i
Vj = , € B.(xg),
i) {0 otherwise Y (o)
there holds.,,, = divv. Hence, using the Green formulaf1.4), yields
ou 1 / . 1
xy) = divv(y)dy = / v(y) - nds
8%( ) A . (y) Voo S con) (y) y

i/
= u(y)n; ds,,
Vi JoB, (@) Y
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wheren = (n1,ns,...,n,)" € R™ is the unit outward vector o8B, (o). Moreover,
ou 1 m
(20) = [ s, =" u(y)n sy,
Ox; Vi 1m™ JoB, (o) Yoo dB(z0) v
and thus,
Vu(xy) = m u(y)n dsy. (3.58)
T JOB,(zo)

3.4.2 Regqularity Estimates

Let @ C R™ be open and bounded, amde C?%(Q) a harmonic function orf2. Now, for
arbitrary zy € 2, chooser > 0 such thatB,.(x) is the largest (closed) sphere with centgr
that is contained i, i.e.,

r:sup{p>0:Bp(ac0) Cﬁ}.
Then, the equality fronT{3.58) implies that

m
<
[Vul@o)| < dist(xg, 0Q) ]éBT(a:O) [u(y)ldsy,

where
dist ) = inf -
ist(xo, 02) in lzo — Y

is the shortest distance from, to the boundary of). Therefore,

m
< .
|Vu(zo)| < Tt (o, 0%0) U0 lu(z)|

This is a regularity estimate. It provides a certain confoothe gradient of a harmonic function.
More generally, there holds:

Theorem 3.59 Let 2 be bounded and open, and< C?(Q2) harmonic onQ2. Then, for any
multi-indexa € N™ andx, we have

x|
m|a
D« <!/ .
| (m0)|_<dist(mo,8§2)> fﬁg'u(y)'

Furthermore, there holds théouville Theorem
Theorem 3.60 Letw : R™ — R be harmonic andounded Then,u is constant.

Proof: Let o € R™ andr > 0. Then, with [335B), there holds

Valeo) <7 julds, <7 supu(w)] =0
T JoB,(xo) T yedB;(xo)
Hence Vu(x() = 0 for anyx, € R™. Consequentlyy is constant. O
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3.4.3 Maximum Principle

A further very important property is the fact that harmonimétions on a bounded domaih
take their maximum and minimum values on the bound2(y This is called thanaximum
principle.

Theorem 3.61 LetQ) C R™ be open and bounded. Consider a harmonic functien C2(2) N
c'(Q).

a) Thenmax, g u(T) = maxzcpn u(T).

b) If Qis connected and there existg € Q with u(xg) = max_ g u(x), thenu is constant
in €.

Proof: Note that b) implies a), and hence, we shall only show b). Ssppghat there ex-
istsxzg € Q such thatu(zg) = max_ g u(x). Denote this maximum by. Moreover, define
the set

X={yeX: uly) =u}.

This set is open. In fact, fogg € X, considerr > 0 with B,.(xzg) C €. Then, applying
Remark3.5)7, there holds

m=u(en) = f, .

Note that this equality can only hold true«f = @ on B, (x(). Therefore,B,(xy) C X, and
hence X is open.

In addition, we have tha®2 N X C X: Itis clear that) N X C X. Let us considely €
(QNX)\(2NX), and a sequenday; } ;>0 C 2NX that converges tg. Then, sincgy; };>0 C
2N X, we have thau(y;) = u for all j > 0. Moreover, due to the continuity of, it follows
thatu(y) = u(limj_oy;) = limj_ocu(y;) = 7, i.e.,y € X. Consequently2 N X C X,
and, infactQ N X = X.

Now, sinceX C Q is open,2n X is open also. This, however, is only possibl&if= Q. O]

Remark 3.62 Replacingu with —u (which is harmonic if and only if. is harmonic) in the above
Theoren 3.8, we see that all thedx’ can be exchanged withidin’ ('minimum principle’).

One important application of maximum principles is the grofouniqueness of a correspond-
ing PDE problem (alternatively to, for example, energy roet). Let us consider the Poisson
problem [Z1)-HZ12). Suppose that there are two solutigns, € C?(Q2), and letw = u; — us.
Then,w is harmonic andv = 0 on 9. Therefore, using Theoreln 3161, we see that

max w(x) = max w(x) = 0.
weﬁ xed)

In the same way, recalling Remdrk=3.62, we have

minw(x) = min w(x) = 0.
Q) e}

Hencew = 00onQ, i.e.,u; = us.
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3.5 Exercises
3.1. Provel(38).

3.2. Exampld=317 shows that the fundamental solution of #ace equation from Defini-
tion[32T satisfied(3.24) for. = 2. Prove that it also holds true fon > 3.

3.3. Given an open bounded dom&inC R™. Prove that

/Q|<I>(x)|dac

exists and find an upper bound. Hedeis the fundamental solution of the Laplace equa-
tion from (3.23). Show tha® is not integrable oveR™.

3.4. Prove the symmetry of the Green functi@fi from Definition[3:42; cf. Remark3.45.
3.5. Find the Green function for the Poisson problem withidbiet boundary conditions in

a) the quadrant) = (0, 00)? € RZ;

b) the spherical shefz € R™ : a < |x| < 3}, where0 < a < 3 are constants.
What happens fof — co?

3.6. In an open domaift C R™ consider the Poisson problem witeumanrboundary con-

ditions:
—Au=f in Q (3.63)
% =g onof. (3.64)
on

Here,g—z = Vu - n, wheren is the unit outward vector o).

a) Show that a necessary condition for the above boundamng yabblem[(3.63)E(3.64)

to have a solution is
/f(a:)dw—i—/ g(x)ds = 0.
Q o0

b) Show that two solutions of (3.53)=(3164) differ by a camst Hence, prove that
imposing the additional conditio;ﬁm u(x) dz = 0 on the solutioru guarantees its
unigueness.

c) LetG®(y) = ®(x — y) — ©®(y) be the Green function fof(3.63]=(3164). Find
a suitable PDE formulation (including boundary conditipfa the corrector func-
tion ¢*(y) and give a formula for the solutiomin terms ofG* (and the data).

3.7. Prove Theoreim-316 for the half space solution giveBIB().
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3.8. Form > 3 and sufficiently smooth functiong g, consider the PDE problem

—Au = f in Bl(O)
u=g ondBi(0).

Prove that there exists a consté@nt> 0, depending only om:, such that

sup |u| < C < sup |g| + sup |f|> :
B1(0) 0B1(0) B1(0)

3.9. Prove Remalk3.57.

3.10. Consider an open, bounded dom@irc R™, with smooth boundargf2. Moreover, let
Br(zo) be the smallest ball that contaifs Assumeu € C%(2) N C°(Q) solves the
Poisson equation,

—Au=1 inQ
u=g¢g onoel,
whereg is a smooth function.
a) Use the maximum principle to prove that

1
wx) < — (R? — |z — x| + sup g(x).
(@) < 5 (B~ & —zof?) + sup g(a)

Hint: Look at the function)(z) = u(x) + a|x — zo|? for a suitable constant € R.
b) Letg = 0. Use a) to show that

2
]{2|Vu(m)|2dac < f—m.
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